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Abstract. Computer vision applications often involve processing large-scale multidimensional data, requiring

methods that are both efficient and accurate. Traditional pattern recognition methods based on subspace representa-

tions offer low computational complexity but typically underperform compared to deep learning models in terms of

recognition accuracy. This study aims to explore and analyze the integration of subspace representations within

deep learning frameworks to leverage the advantages of both approaches. We conducted a comprehensive survey

of existing methods that combine subspace representation techniques with deep neural networks. We propose a

taxonomy to categorize these methods into three distinct groups based on their integration strategies. The reviewed

methods demonstrate that incorporating subspace representations can enhance the performance and efficiency of

deep learning models. The taxonomy helps to clarify the landscape of these hybrid approaches and identifies trends in

methodological development. The surveyed approaches demonstrate a clear methodological evolution, contributing

to enhanced outcomes in various real-world applications.
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1 Introduction

Multidimensional data require advanced techniques for effi-

cient analysis, representation, and interpretation due to the

exponential growth of data in various domains. Consequently,

developing methods to extract meaningful insights from such

data has become crucial in applications across various fields,

especially in computer vision.

An example of a task involving multidimensional data is

image set classification, which focuses on recognizing pat-

terns from sets of images rather than individual images. It

has been thoroughly explored and applied in several different

applications, such as image diagnosis [Jiang et al., 2023], au-

tonomous vehicles [Kuutti et al., 2020], robotics [Pierson and

Gashler, 2017], among others. An effective pattern set model

requires robustness to appropriately handle corrupted data

and sets of varying sizes without increasing computational

complexity [Gatto et al., 2021]. In this context, subspace

representations address these challenges, enabling efficient

processing of large and noisy datasets.

Subspace representations are pattern recognition methods

where each class is represented in terms of a linear subspace of

the Euclidean pattern or feature space [Oja and Kut, 1983]. In

image set classification, a set of images can be represented by

a fixed-dimensional subspace. This type of representation has

mainly two advantages [Gatto et al., 2021]: the first relates to

robustness to noise in the input data. Even when the collected

images are not highly representative of the object, the inherent

noise allows the learning process to adjust and create robust

pattern representations. The second advantage is related to

compression. Subspaces are low dimensional, which ensures

fixed complexity when processing a set as a subspace, even

if it contains a large number of input images. An example of

how compression is a decisive advantage of using subspace

representation is the fact that a subspace can represent a set

with only 20% of its original memory space [Gatto et al.,

2021].

Among the applications using linear subspaces in com-

puter vision, we can mention: face verification [Sun et al.,

2014], emotion recognition [Sun et al., 2018] [Zhiwu and

Van Gool, 2017], and activity recognition [Lu et al., 2018].

These methods trace their origins back to multivariate sta-

tistical analysis, particularly Principal Component Analysis

(PCA) and Canonical Correlation Analysis (CCA), developed

by Hotelling [Katayama, 2005]. Such methods have attracted

much attention in recent years due to their ability to provide

accurate state-space models for multivariate linear systems

directly from input-output data [Katayama, 2005].

In their turn, deep learning methods, particularly Convo-

lutional Neural Networks (CNNs), have revolutionized com-

puter vision by achieving state-of-the-art results in numerous

tasks. However, they often require large amount of training

data and may not inherently exploit the geometric structures

present in data. Combining deep learning with subspace repre-

sentations offers a promising avenue to take advantage of the

strengths of both approaches, enabling efficient learning from

limited data and preserving important structural information.

More precisely, methods based on subspace representations

may offer a complementary approach capable of mitigating

the limitations of deep learning by projecting data into lower-

dimensional latent spaces, preserving relevant information

and discarding noise or redundancies. Among the several

benefits, subspace representations may help by reducing the

complexity of the input space, which makes the learning pro-

cess more efficient and less prone to overfitting; improving
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the robustness of the extracted representations, thereby en-

hancing generalization to new data, especially in contexts

with limited data or computational resources; and potentially

increasing interpretability by inducing more organized and

semantically coherent latent structures.

Therefore, incorporating subspace methods into the deep

learning framework not only enhances the technical perfor-

mance of models but also helps address fundamental limita-

tions of traditional deep learning. This approach is particu-

larly relevant in critical applications that demand not only

accuracy and reliability but also transparency in decision-

making processes.

To conduct this research, a systematic literature review

was carried out with the aim of identifying studies that ad-

dress the integration between subspace methods and deep

neural networks. The search was performed in scientific

databases using the following specific keyword combinations:

“DEEP LEARNING” AND “SUBSPACE METHODS” NOT

“CLUSTERING”, “REVIEW” AND “SUBSPACE METH-

ODS”, and “REVIEW” AND “DEEP SUBSPACE LEARN-

ING”. From the results obtained, the abstracts were analyzed

to select those most relevant to the scope of this research, with

an emphasis on supervised learning approaches that employ

subspace representations throughout the entire architecture of

deep networks, rather than only in intermediate stages or pre-

processing steps. During this process, it was observed that the

first studies effectively exploring deep networks based on sub-

spaces—integrated and end-to-end—began to emerge around

2020. This temporal milestone highlights the novelty of the

topic and supports the need for a critical analysis discussing

recent advances, remaining gaps, and future perspectives in

this emerging research area.

1.1 The need for this survey

Figure 3 shows the amount of papers dealingwith this research

domain which were found in our search in the Elsevier, IEEE

Xplore and Springer Link databases since 2020. Despite

this interest, there is a lack of comprehensive surveys that

systematically review and categorize these methods. The

nonexistence of a clear taxonomy for these methods makes it

difficult to compare existing approaches and identify gaps in

the literature, thereby hindering the systematic advancement

of the field.

Figure 1. Timeline of research publications on the use of subspace methods

combined with deep learning.

Therefore, this paper aims to fill the above-mentioned gaps

by providing a structured and comprehensive review of the

methods that integrate subspace representations within deep

neural networks. We categorize existing approaches based on

their underlying mathematical structures, specifically focus-

ing on Riemannian manifolds, Grassmann manifolds, and Lie

groups. We highlight practical implementations and compar-

ative analyses of them. It is important to mention that there

are previous surveys that discuss subspace learning methods

and their theoretical foundations, such as [Turan et al., 2021]

and [Fei et al., 2023]. However, unlike this work, they do not

focus on the integration of subspace learning and deep neural

network architectures.

The main contributions of this work are as follows:

• We introduce a novel taxonomy to organize existing

methods into manifolds and groups, providing clarity on

their relationships and differences;

• We analyze and compare these methods, discussing their

advantages, limitations, and applications;

• We identify current challenges and suggest directions

for future research in this emerging field.

This review provides a clear mapping of the strategies de-

veloped to date through critical analysis and categorization

of methods. The proposed taxonomy helps to identify the

strengths and weaknesses of each method, enabling future

research to select, adapt, or combine methodologies accord-

ing to specific needs. Finally, this work serves as a solid

foundation for researchers to develop more effective solu-

tions, overcoming the individual limitations of each isolated

approach in tasks involving multidimensional data.

The rest of this paper is organized as follows. Section

2 describes the taxonomy proposed. Section 3 summarizes

theoretical concepts of subspaces structures to allow a better

understanding of the works discussed. Then, sections 4, 5

and 6 review methods combining subspace representation

and deep neural networks. In sequence, Section 7 provides

a detailed analysis considering computational performance.

Finally, Section 8 presents conclusions and future work.

2 Taxonomy

Our taxonomy organizes the reviewed methods into a hier-

archical structure that reflects the mathematical foundations

underlying subspace representations in deep learning, as de-

picted in Figure 2. At the highest level, we divide the methods

into two main categories based on the mathematical struc-

tures they employ: manifold-based methods and group-based

methods. Manifold-basedmethods are further subdivided into

Riemannian and Grassmann manifolds, while group-based

methods focus on Lie groups. This categorization not only

highlights the intrinsic relationships between the methods but

also provides a clear framework for analyzing their similari-

ties and differences. Below, we provide a brief description

of each category and its significance in the context of deep

learning.

Grassmann manifolds, Riemannian manifolds, and Lie

groups are mathematical structures that serve as the founda-

tion for the methods reviewed in this survey. Understanding

their characteristics is essential to realize how they contribute

to subspace representations in deep networks. While each
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Figure 2. A taxonomy of subspace methods in deep learning, illustrating

the hierarchical categorization based on mathematical structures.

structure has distinct properties, they also share common

features that facilitate their integration with deep learning

algorithms. We outline both the similarities and differences

below to provide a comprehensive understanding of their

roles. We also provide examples of the applications of these

structures in computer vision tasks.

• Geometric Structures: All three structures have a

strong geometric foundation. The Grassmann manifold

describes projective subspaces in vector spaces. In its

turn, the Riemannian manifold encompasses a broad

class of smooth manifolds with a Riemannian metric,

including subsets of positive definite symmetric matri-

ces. Lie groups, on the other hand, are differentiable

manifolds that also have a group structure, exhibiting im-

portant geometric properties. These characteristics can

contribute to a better understanding and interpretation

of results.

• Differentiable Manifolds: Grassmann and Riemannian

manifold, as well as Lie groups are all differentiable

structures, which means that they support smooth opera-

tions and the application of differential calculus. How-

ever, Lie groups uniquely combine manifold and group

properties, where the group operations (multiplication

and inversion) are smooth, providing additional alge-

braic structure useful in modeling transformations.

• Applications in Computer Vision: There are signifi-

cant applications of these three structures in the field of

computer vision, contributing to the analysis and pro-

cessing of images in different ways.

Regarding the differences, we can highlight the following:

• Dimensions and Characteristics: Grassmann mani-

folds have dimensions that depend on the dimensions

of the subspaces they represent. Riemannian manifolds

are a broad class of manifolds equipped with a Rieman-

nian metric, and their dimensions depend on the specific

manifold under consideration. The space of positive

definite symmetric matrices, for example, is a specific

type of Riemannian manifold. Finally, Lie groups have

dimensions that correspond to the dimensions of their

underlying Lie algebras.

• Group Structure: Grassmann and Riemannian are man-

ifolds and do not inherently have a group structure, al-

though specific examples may have additional structures.

Lie groups, on the other hand, are manifolds that are also

groups, with group operations that are smooth.

These structures have been extensively employed in com-

puter vision applications:

• Grassmann Manifolds: They are widely used for di-

mensionality reduction and data representation because

they enable efficient compression of image data by pro-

jecting high-dimensional data onto lower-dimensional

subspaces [Haitman et al., 2021a; Wang et al., 2017].

This is particularly beneficial in tasks like face recogni-

tion [Johnson and Savakis, 2015; Huang et al., 2015],

where images are represented as points on the manifold

to facilitate comparison and classification.

• Riemannian Manifolds: They are employed in medi-

cal imaging to represent complex anatomical structures.

For example, symmetric positive definite (SPD) ma-

trices capture the shape and connectivity in magnetic

resonance imaging (MRI) [Ke et al., 2021] and diffu-

sion tensor imaging (DTI) [Liu et al., 2019]. In image

classification, networks such as SPDNet [Zhiwu and

Van Gool, 2017] use Riemannian geometry to improve

accuracy by effectively modeling spatial correlations of

images.

• Lie Groups: They are applied in modeling geomet-

ric transformations, such as rotations and translations,

which are essential in robotics and augmented reality

[Rhif et al., 2018]. They also facilitate the representation

and manipulation of object poses in 3D space. In 3D

vision and virtual reality, Lie groups help to accurately

render scenes from multiple points of view by modeling

camera transformations [Xu et al., 2017].

In summary, Grassmannmanifolds, Riemannian manifolds,

and Lie groups are powerful mathematical tools applied across

various fields of computer vision, from representing and ana-

lyzing image data to describing geometric transformations in

three-dimensional scenarios. These structures significantly

enhance the capability of processing and interpreting visual

information in advanced computer vision systems. It is worth

noting that there are several types of manifolds with diverse

applications that have not yet been fully explored or have

been underexplored in the literature with deep learning, such

as Lorentzian Manifolds, Complex Projective Space, Sym-

metric Spaces, Flag Manifolds, Spheres, and Hyperspheres,

among others. However, in this paper we describe only works

that use Grassmann manifolds, Riemannian manifolds and/or

Lie Groups.

3 Theoretical Background

The works described in this review are divided into three

categories: Riemannian and Grassmann manifolds, as well

as Lie group. As previously mentioned, the three categories

represent mathematical tools which present distinct structures.

In this section we summarize important theoretical concepts

of these structures in order to allow a better understanding of

the works discussed in the next sections.
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3.1 Mathematical Notations

To facilitate understanding the mathematical concepts pre-

sented in this paper, we provide in Table 1 a summary of the

main notations used throughout the text.

3.2 Riemannian Manifold

It is a differentiable manifold, i.e. a generalization of the con-

cept of a curve or surface, equipped with a Riemannian metric.

This metric is a way of measuring distance and angle at each

point of the manifold. Consequently, it provides a notion of

intrinsic geometry on the manifold, allowing the definition of

curve lengths, angles between tangents, curvature, and so on.

It is commonly represented by an SPD matrix at each point of

the manifold, used to define the inner product between vectors

in the tangent space. In general, the matrix representation

of the Riemannian metric depends on the choice of coordi-

nates and on specific properties of the manifold. Hence, it

is an SPD matrix whose exact form varies depending on the

context of the Riemannian manifold.

Mathematically, an SPD M of order n is a real square

symmetric matrix (M = MT ) that satisfies the following

condition for every non-zero column vector x of size n:

xT Mx > 0 (1)

This inequality means that the inner product of the vector

x with the matrix M results in a strictly positive value. In

other words, for any non-zero vector x, the matrix M ensures

that the inner product of x with Mx is always greater than

zero.

In Section 4, we describe the most recent works that em-

ploy Riemannian manifolds in the context of deep learning.

All reviewed methods were developed based on the research

presented in [Zhiwu and Van Gool, 2017], which uses SPDs

matrices defined in deep learning, and investigate tasks in-

volving video data. For this reason, we also present here some

mathematical definitions in the context of video data.

Consider Sk = [s1, s2, ..., snk
] a set of frames where Sk

represents a sequence with nk frames and sj ∈ Rd×1 de-

notes the jth vectorized frame [Wang et al., 2023a]. The

corresponding covariance matrix for Sk is computed by:

Xk = 1
nk − 1

nk∑
j=1

(sj − uk)(sj − uk)T . (2)

Here, uk = 1
nk

∑nk

j=1 sj is the mean vector of the frames

in Sk. Given that Xk does not satisfy the positive definite

condition (there may exist a non-zero vector y such that the
quadratic form yT Xky is non-positive), it is necessary to

regularize the matrix Xk, which will be defined as:

Xk + λId (3)

where Id is the identity matrix of order d×d, and λ is defined

as the trace of Xk—the sum of the elements on the main di-

agonal of Xk. Therefore, after this operation, the regularized

matrix Xk becomes an SPD matrix.

3.3 Grassmann Manifold

A Grassmann manifold Gr(q, D) is a dimensional com-

pact Riemannian manifold q(D − q), which is the set of q-
dimensional linear subspaces of RD. Each point in Gr(q, D)
is a linear subspace that is generated by the related orthonor-

mal basis matrix Mx of dimension D x q, such that MT M
= Iq, where Iq is the identity matrix of order q x q. One of

the most popular approaches to representing linear subspaces

is to approximate the true Grassmannian geodesic distance

from the projection mapping structure φ(M) = MMT, pro-

posed in Edelman et al. [1998]. Since the φ(M) is a sym-
metric matrix D x D, a natural choice of inner product is

〈M1, M2〉φ = tr(φ(M1)T φ(M2)), which induces a dis-
tance metric called the projection metric:

dp(M1, M2) = 2− 1
2

∥∥∥M1M1
T − M2M2

T
∥∥∥

F
(4)

where ‖‖F indicates the Frobenius norm of the matrix. As

proven in [Harandi et al., 2011], the projection metric can

approximate the true geodesic distance up to a scale of
√

2.
To perform discriminative learning on Grassmann mani-

folds, some studies [Hamm and Lee, 2008b,a; Cetingul and

Vidal, 2009; Harandi et al., 2011] use tangent space approxi-

mation of the underlying manifolds or exploit kernel functions

to incorporate the manifolds in Hilbert spaces. In both cases,

any existing Euclidean techniques can be applied to the data,

as Hilbert spaces respect Euclidean geometry.

3.4 Lie group

A Lie group is a set of elements whose group operation sat-

isfies the properties of associativity, identity, and inversion.

Additionally, Lie groups have a special characteristic: they

are “smooth” or “differentiable”, meaning they can be stud-

ied in terms of smooth functions, especially differentiable

functions. More precisely, these groups possess a continuous

structure that is compatible with operations such as multipli-

cation and inversion. They also exhibit a structure that allows

for differential calculus and the application of concepts from

differential geometry to group elements. These characteristics

enable Lie groups to be studied using tools from differential

analysis and differential geometry. Consequently, they can

be equipped with structures that are compatible with a Rie-

mannian metric.

This structure can be employed in computer vision prob-

lems as a tool for modeling transformations and symmetries

in video data. For instance, in action recognition tasks in

videos, the Lie group theory is used to describe the spatiotem-

poral transformations that occur in videos, helping to capture

important information such as motion dynamics, pose vari-

ations, and action representation from different viewpoints.

This provides a way to learn robust and compact represen-

tations of human actions. This approach typically involves

applying convolutional layers with Lie group-constrained pa-

rameters in deep neural network architectures [Vemulapalli

et al., 2014], allowing the network to learn features that are

invariant to certain geometric and temporal transformations.

Considering this context, all works discussed in Section

6 employ Lie group representations in action recognition
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Table 1. Summary of Mathematical Notations

Notation Description

M Symmetric Positive Definite (SPD) matrix

x Non-zero column vector of size n
Xk Covariance matrix of the k-th sequence
Sk Set of frames in the k-th sequence
sj j-th vectorized frame
d Dimension of the feature vector

uk Mean vector of frames in Sk

λ Regularization parameter (trace of Xk)

Id Identity matrix of size d × d
Gr(q, D) Grassmann manifold of q-dimensional subspaces in RD

Mx Orthonormal basis matrix generating a point on Gr(q, D)
φ(M) Projection mapping φ(M) = MMT

〈M1, M2〉φ Inner product defined as tr(φ(M1)T φ(M2))
dp(M1, M2) Projection metric distance between M1 and M2
‖ · ‖F Frobenius norm of a matrix

SE(3) Special Euclidean group representing rigid transformations in 3D

R Rotation matrix in SE(3)
t Translation vector in SE(3)
× Direct product between Lie groups

. 
. 

P1

P1 PN-14

P2

P2

P3

PN

PN

. 

. . 

Figure 3. Representation of an action from a sequence of skeletons as a

curve in the Lie group SE(3) × . . . × SE(3). Source: [Vemulapalli et al.,
2014].

problems, specifically using human skeleton keypoint data as

input. The authors based their work on the approach presented

in [Vemulapalli et al., 2014], which represents the relative

geometry between pairs of body parts as a point in the special

Euclidean group SE(3), and the entire human skeleton as a
point in the Lie group SE(3)×. . .×SE(3), where× denotes

the direct product between Lie groups.

A special Euclidean group is a Euclidean terminology in a

2D or 3D space. Special Euclidean transformations include

rotations, translations, and reflections that preserve distances

and angles. Thus, the Lie group SE(3) represents rigid three-
dimensional transformations, i.e., transformations that pre-

serve distances and angles in 3D spaces. This group consists

of ordered pairs (R, t), where R is a 3x3 rotation matrix de-

scribing a rotation in 3D space, and t is a 3D translation vector.

Therefore, human actions can be modeled as curves in the Lie

group, and action recognition can be performed by classifying

these curves. Figure 3 illustrates such representation. The Lie

group SE(3) is commonly used in geometry, robotics, and
computer vision to describe the three-dimensional motion of

objects or systems.

Once these theoretical definitions have been presented, in

the next sections each of the nodes of the proposed taxonomy

is explored and the reviewed works are detailed.

4 Methods Based on RiemannianMan-

ifolds

The first network based on the Riemannianmanifold proposed

is called the Symmetric Positive Definite Matrix Network

(SPDNet) [Zhiwu and Van Gool, 2017]. The input layer of

SPDNet receives the SPDmatrixX0, i.e., a covariance matrix
derived from the input data, defined according to equations 2

and 3. Subsequently, two types of Riemannian operations lay-

ers are employed: 1) bilinear mapping (BiMap); and 2) eigen-

value rectification (ReEig). The BiMap layers are designed

to transform the input SPD matrices into new SPD matrices

with lower dimensionality and more discriminative features.

This is done through a bilinear mapping fb, expressed as

Xk = f
(k)
b (Xk−1, Wk) = WkXk−1W T

k , where Wk is a

column transformation matrix with semi-orthogonality to be

learned during training and Xk−1 is the input SPD matrix at

the k-th layer. This type of layer is analogous to the dense
layer in traditional artificial neural networks, but it is defined

for SPD data.

The ReEig layers, similar to the classical ReLU layers

in dense networks, introduce non-linearity into the SPDNet.

This is done by rectifying the resulting SPD matrices through

a non-linear rectification function fr, formulated as Xk =
f

(k)
r (Xk−1) = Uk−1 max(εI, Σk−1)UT

k−1, where Uk−1
and Σk−1 are found through singular value decomposition, ε
is a small activation threshold, I is the identity matrix, and
max(εI, Σk−1) is the diagonal matrix of Σk−1 whose ele-

ments are defined as: A(i,i) =
∑

k−1(i, i) if
∑

k−1(i, i) > ε
and ε if

∑
k−1(i, i) ≤ ε.

Additionally, due to the fact that SPD matrices reside

on the Riemannian manifold, which is non-Euclidean, it

is necessary to include a third type of layer, called the

eigenvalue logarithm layer (LogEig). This layer performs

Riemannian computation on the SPD matrices and aims

to produce the Euclidean forms of the SPD matrices for
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. . .

SPD Matrix

fb
(1) fr(2) fl(l-1)f(3) f(l)

BiMap Layer ReEig Layer LogEig Layer Output Layers

Figure 4. Diagram of the SPDNet Structure. The network is composed of

BiMap, ReEig, and LogEig layers. Source: [Zhiwu and Van Gool, 2017].

any regular output layer of the network. The LogEig layer

is designed to perform the following mathematical opera-

tion: Xk = f
(k)
r (Xk−1) = Uk−1 log(Σk−1)UT

k−1, where

Xk−1 = Uk−1Σk−1UT
k−1 represents the singular value de-

composition operation and log(Σk−1) is the element-wise
logarithm of the diagonal elements of Σk−1. With this opera-

tion, conventional fully connected (FC) layers can be used on

the resulting Euclidean space for classification tasks. Figure

4 shows a representation of the SPDNet architecture, high-

lighting the three types of layers that make up the network.

The authors used backpropagation of the Riemannian ma-

trix, so that, for each layer k, the gradients of the weights
Wk are computed. The weights in the BiMap layers are up-

dated using a configuration of the stochastic gradient descent

(SGD) algorithm [Bonnabel, 2013a] on Stiefel manifolds. In

their approach, the authors expanded the backpropagation ma-

trix framework, initially studied in [Ionescu et al., 2015], to

compute the gradients of SPD matrices within the ReEig and

LogEig layers, ensuring more accurate and efficient gradient

computation in these layers. This generalization not only ex-

tends the applicability of backpropagation but also enhances

the learning capabilities of SPDNet. Overall, SPDNet pro-

vides the possibility of nonlinear learning of the SPD matrix,

as well as a new backpropagation with SGD configuration on

Stiefel manifolds.

However, in [Chen et al., 2022], the authors argue that very

few solutions explicitly explore the local geometric informa-

tion in deep representations of SPD features in the Riemannian

manifold of SPD matrices. According to them, considering

the success of local mechanisms in Euclidean methods, it

is very important to ensure the preservation of geometric

information in SPD networks. Taking into account this con-

text, they proposed the MSNet architecture, whose structure

can be observed in Figure 5. Firstly, the authors employed

the SPDNet [Zhiwu and Van Gool, 2017] as a backbone to

extract lower-dimensional, yet more discriminative SPD fea-

tures representations. Next, branches are created, with each

branch exploring a BiMap-ReEig block to obtain SPD repre-

sentations. Finally, the LogEig layer is applied to map each

submatrix feature into a Euclidean space, as done in [Zhiwu

and Van Gool, 2017]. After that they apply a process called

TrilCon, which involves the following three steps: extraction

of a lower triangular matrix, vectorization, and data concate-

nation. In the end, all vectors from the different branches

are concatenated through the Concat layer. This, in turn, is

followed by any regular output layers, such as the softmax

layer.

In [Wang et al., 2022], the SPDNet architecture is modi-

fied. The authors propose two new layers for the analysis and

processing of data points on Riemannian manifolds with the

aim of improving the capability of nonlinear representation

learning of the original SPDNet, as shown in Figure 6. It is

worth noting that the BiMap, ReEig, LogMap, and FC layers

are the same as those defined in [Zhiwu and Van Gool, 2017].

According to the authors, in the context of neural networks

with multiple SPDs, the variability information conveyed by

the inputs is not explicitly encoded during training, causing

the lower-dimensional geometric representations resulting

from each transformation layer to potentially be insignificant

for producing a powerful network. Thus, the first module

of the network (SPDNetRP) is the Riemannian Batch Reg-

ularization (RBR) module and is located before the BiMap

layer. RBR is primarily used to provide more suitable initial

filters for the BiMap layers in each forward pass, encoding

and learning the variations in the representations. This task is

accomplished by encoding intra-class variability information

and inter-class similarity information present in a data batch.

The transformation matrices to be learned in this process

are guided by supervision based on labels and distribution.

Consequently, the features resulting from these transforma-

tions will exhibit high intra-class compactness and inter-class

separability. The proposed RBR module is trained together

with SPDNet through Riemannian matrix backpropagation.

Thus, the initial weights of the RBR layers are set to be equal

to those of the corresponding BiMap layers. It is important

to note that the RBR module is flexible in its connection

with other components, allowing arbitrary adjustments in its

configuration.

The second proposed module is a pooling layer that pre-

cedes the ReEig layer. Due to the non-Euclidean geometry

of the representations, the authors proposed the Riemannian

pooling operation implemented in three steps. The first step

involves the use of the theoretical and practical framework

of the Riemannian barycenter to calculate a batch of input

SPD matrices. Then, in the second step, the pooling oper-

ation can be expressed as an unsupervised metric learning

problem that aims to find an orthogonal mapping to gener-

ate a lower-dimensional manifold with maximum data vari-

ance. Finally, the task of learning the embedding mapping is

performed, which is an optimization problem on the Grass-

mannian manifold solved using the Grassmannian Conjugate

Gradient (GCG) method.

In [Wang et al., 2023a], a new architecture for processing

and classifying SPD matrices is proposed, aiming to avoid

the problems of stacking many layers in Riemannian net-

works. The authors argue that simply increasing the network

depth does not guarantee accuracy gains, as this solution’s

main obstacle is the degradation of statistical information as

the network becomes deeper. As the network deepens, the

learned representations lose their ability to effectively capture

the structural information of the original data, leading to im-

paired accuracy. Considering this challenge, they proposed a

deep discriminative Riemannian network called DreamNet.

This network consists of a Stacked Riemannian Autoencoder

(SRAE) added at the end of the backbone (SPDNet) to recon-

struct the remaining structural details of the input block by

block. The advantage of this approach lies in the fact that it

not only performs discriminative feature selection but also



Subspace representations in deep neural networks: A survey Gandra et al. 2025

SPD Matrix

BiMap ReEig BiMap ReEig

BiMap ReEig

BiMap ReEig Sub

Sub

LogEig

LogEig Trilcon

Trilcon

Concat Output

Trilcon

S1
k-1

Sc-1
k-1

Sc
k-1

LogEig

Figure 5. Diagram of the MSNet structure. Source: [Chen et al., 2022].

RBR Layer

...

SPD matrix BiMap Layer Pooling Layer ReEig Layer LogMap Layer FC Layer

CrosEL...
fb

(k)frbr
(k-1)

fp
(k+1) fr

(k+2) fl
(k-1) ffc

(k)

Figure 6. Diagram of the SPDNetRP structure. Source: [Wang et al., 2022].

Input SPD Matrix M1

H1 H2

H3

HE

H*2

H1 / M2 H*2 / M3

CrosEL CrosEL CrosEL

. . .

F(H1) F(H*2)

Figure 7. Architecture of the DreamNet network. Source: [Wang et al., 2023a].

preserves the Riemannian geometric structure of the original

data manifold.

The architecture diagram of DreamNet can be seen in Fig-

ure 7. The encoder and decoder components of the SRAE

are formed by layers of the original SPDNet. It is a cascade

of Riemannian Autoencoders (RAEs), where the output fea-

ture maps of each RAE are used as input for the adjacent

RAE. Each RAE is strictly defined in the context of SPD

matrices, as is the SRAE and the entire network. Residual

blocks are added to facilitate the reconstruction of the remain-

ing residue by the SRAE. Additionally, the minimization

of reconstruction error allows SRAE to remain highly sen-

sitive to variability in representations in the new generated

subspaces. Furthermore, each RAE also connects to a clas-

sification network through the LogEig and FC layers, using

the cross-entropy loss function. To better explain how SRAE

works, it is necessary to understand the following steps:

1) Considering the definitions given in equations 2 and

3, Xi represents the SPD matrices of the backbone network.

The authors employed the following 5 layers in this network:

Xi → BiMap → ReEig → BiMap → ReEig → BiMap;

2) In the SRAE module, there are Me, He, and H∗
e , which

respectively represent the input, the output of the hidden layer,

and the reconstruction of the e-th input of each RAE. These
layers perform the same operations as described in [Wang

et al., 2023a].

3) The classifier module consists of 3 layers: He → Lo-

gEig → FC → Cross-Entropy. Cross-entropy was used to

minimize the classification error of input-target pairs, and the

reconstruction error measures the discrepancy between the

input sample and its corresponding reconstruction.

The last work described in this section is [Wang et al.,

2023b], where another model based on autoencoders is pro-

posed to also address the need to handle the problem of degra-

dation of structural information that may occur during feature

transformation across multiple layer stacking stages. The

proposed network is called U-SPDNet, which is a deep neu-

ral network for visual classification. This network consists
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of two subsystems. The first is an encoder in the form of

SPDNet [Zhiwu and Van Gool, 2017] to capture compact

representations of the input data. The second is the decoder,

designed to increase the dimension of the SPD matrix. As

is typical in autoencoder models, the decoder has a structure

symmetric to that of the encoder, and reconstruction error

is utilized. The authors advocate that the model gradually

alleviates the problem of data degradation during training.

Figure 8 presents a conceptual illustration of the U-SPDNet

architecture. The structure of the encoder network (symmet-

ric decoder) consists of five layers: M0 → BiMap → ReEig

→ BiMap → ReEig → BiMap. Additionally, residual con-

nections from the encoder to the decoder are added through

the LFE (Log-Fusion-Exp) module to enhance the model’s

representation capacity. The LFE operates as follows: the

input SPD matrices are first mapped to the logarithmic do-

main using the LogEig operation. Next, since the mapped

space is compatible with Euclidean geometry, the Euclidean

barycenter Ã is computed. Finally, Ã is incorporated back

into the SPD manifold through the exponential mapping of

the matrix, where Ã = UΣUT denotes the eigenvalue decom-

position and the diagonal matrix composed of exponential

eigenvalues. Furthermore, the outputs of the encoder are also

fed into a classification network, consisting of a LogEig layer

and an FC layer, guided by cross-entropy.

It is important to note that both the inputs and outputs

of the network are structured SPD matrices, in other words,

the network is strictly defined on the Riemannian manifold.

Furthermore, optimizing the network parameters involves

exploring SGD on the Stiefel manifold while employing Rie-

mannian matrix backpropagation, accurately characterizing

and preserving the intrinsic Riemannian geometry of the SPD

data. This approach not only maintains the mathematical

integrity of the data but also enhances the network’s ability

to learn and generalize from the complex, high-dimensional

structures within the SPD matrices.

4.1 Comparison between the works

The works described in this section are the most recent re-

searches regarding the use of SPD matrices applied in deep

networks that were found in our literature review. Table 2 pro-

vides a brief summary of the main highlights of the architec-

tures described here. Based on this table, some observations

can be made.

Among the described works, two of them use SPDNet as

a backbone: MSNet and DreamNet. In the case of MSNet,

the authors aim to explore the geometric information of SPD

matrices, as these matrices have geometric interpretations

related to convexity preservation, ellipse modeling, distance

measurement, PCA, optimization, and various other applica-

tions in mathematics and science. They play a fundamental

role in many fields and have practical applications in a wide

range of problems. On the other hand, in DreamNet, the goal

is to prevent the degradation of information in SPD matrices

by using a network architecture in which SPDNet serves as

the backbone of a stack of autoencoders.

SPDnetRP and U-SPDNet do not use SPDNet as a back-

bone. In the case of SPDnetRP, the authors modified the orig-

inal SPDNet architecture to enhance its learning capability,

while U-SPDNet employs an encoder-decoder to address the

issue of information degradation. It should be mentioned that,

despite focusing on reducing information degradation using

autoencoders, U-SPDNet differs in structure andmethodology

from DreamNet, mainly in their input handling: DreamNet

utilizes SPDNet as a backbone, whereas U-SPDNet uses a

single SPD matrix. Additionally, their architectures differ

significantly: DreamNet consists of a cascade of Riemannian

autoencoders, whereas U-SPDNet employs a single encoder-

decoder pair.

In addition, except for SPDNetRP, all works use SGD in the

learning process, guided by the cross-entropy loss function

as used in [Zhiwu and Van Gool, 2017]. The only work

that took a different approach is the one developed in [Wang

et al., 2022], which uses SGD in the SPDNet layers (BiMap

and ReEig) and GCG in the pooling layer. This choice is

due to the task of transforming the learning mapping into an

optimization problem on the Grassmannian manifold.

Finally, the main difference between the works lies in the

changes made to the SPDNet architecture. In [Chen et al.,

2022], the authors proposed a multiscale submanifold block

that utilizes SPDNet throughout the architecture. In their

turn, [Wang et al., 2023a] proposed a stacked Riemannian

autoencoder network that uses layers from SPDNet. The

model more similar to the original SPDNet was developed

in [Wang et al., 2022]. These authors applied Riemannian

batch regularization (RBR) before the BiMap layer and a

pooling layer before the ReEig layer. Conversely, the net-

work with the most modifications was presented in [Wang

et al., 2023b]. The architecture is U-shaped and consists of an

encoder-decoder setup to enhance the sampling of encoded

features. In terms of applications, the networks based on

the Riemannian manifold presented here were employed to

emotion recognition, action recognition, facial verification,

dynamic scene classification, among others.

5 Methods Based on Grassmann Man-

ifold

The Grassmannian manifold has been incorporated into deep

learning to speed up its operation or enhance performance in

specific applications such as data augmentation [Hong et al.,

2019], dimensionality reduction [Haitman et al., 2021b; Liu

et al., 2018], and in the design of deep networks, which is the

focus of this review.

The research developed by Zhiwu et al. [2018] was the

first to propose a deep network architecture on the Grassmann

manifold, called GrNet. Figure 9 illustrates the architecture

of GrNet. Its input is an orthonormal matrix. Similarly to

CNNs, GrNet also constructs a block-wise projection net-

work containing convolutional and FC layers. The first block,

named the Projection Block, consists of the FRMap and Re-

Orth layers. The first transforms the orthonormal matrices of

input subspaces into new matrices through a linear mapping

function. Since the result of this transformation is generally

not an orthonormal basis matrix, the ReOrth layer uses a QR

decomposition normalization strategy to address this issue. It

is worth noting that a QR decomposition (also known as QR

factorization) of a matrix M is a decomposition of M into a
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Table 2. Summary of the architectures using SPDNet.

Proposed

Method

SPDNet as

backbone

Number of

network layers

Optimiza-

tion

Algorithm

Architecture

Modifications

Applica-

tions

SPDNet - 8 SGD - Emotion recognition, action recogni-

tion and facial verification

MSNet Yes 7 SGD Yes Action recognition

SPDNetRP - 12 GCG Yes Video-based emotion recognition, dy-

namic scene classification and manual

action recognition

DreamNet Yes, with an

SRAE built

in tail

13 SGD Yes Video-based facial emotion recogni-

tion, skeleton-based hand action recog-

nition and skeleton-based human ac-

tion recognition

U-SPDNet - 13 SGD Yes Dynamic scene classification, cell

identification and skeleton-based hand

action recognition

. . .

Input Orth
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Figure 9. GrNet architecture. Source: [Zhiwu et al., 2018].

product M = QR of an orthogonal matrix Q and an upper

triangular matrix R. QR decomposition is commonly used to

solve the linear least squares problem and forms the basis for

the QR eigenvalue algorithm.

The second block, named the Pooling Block, consists of

the layers ProjMap, ProjPooling, and OrthMap, respectively.

Grassmannian data is first mapped to the space of projection

matrices through the ProjMap layer. Following this, with the

resulting m projection matrices, the ProjPooling layer per-

forms mean pooling over Grassmannian points. The OrthMap

layer then transforms the resulting average projection matrix

back into orthonormal data. This block is designed similarly

to classical pooling layers, with pooling functions that reduce

the size of representations to alleviate computational effort

and prevent overfitting.

Finally, in the Output Block, the ProjMap layer is applied
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again, resulting in outputs that represent projection matrices

in Euclidean space. These outputs can then be converted

into vector forms. Consequently, it becomes possible to use

existing classic layers for Euclidean space data on top of the

ProjMap layer. For instance, FC layers can be employed with

Softmax in classification problems.

Several layers are expressed through complexmatrix factor-

ization functions throughout GrNet. Due to this complexity,

backpropagation of matrices cannot be derived using the tra-

ditional matrix handling elementary operations format. Con-

sequently, using traditional backpropagation would result in

configuration failures. To address this issue, the authors used

the SGD algorithm proposed in [Bottou, 2010] and [Bonnabel,

2013b]. The GrNet performance was compared to four groups

of existing methods, including SPDNet, across three visual

classification tasks: emotion recognition, action recognition,

and facial verification. Among the results obtained, GrNet

only outperformed the VGGDeepFace and DeepO2P meth-

ods.

Input
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Figure 10. Knowledge Distillation from a Grassmannian Variety Network

for Remote Sensing Scene Classification. Source: [Tian et al., 2021].

Another work using Grassmannian manifold in deep net-

works is presented in [Tian et al., 2021]. The authors employ

GrNet as part of the proposed method, which is based on the

knowledge distillation approach. This model is designed to

handle remote sensing data. An overview of the method is

shown in Figure 10. In the first stage, remote sensing images

are processed by a CNN, which acts as the teacher network

(TNet). This network is trained to produce soft targets from

the input images. These soft targets provide additional super-

vision information to aid in training the second network of

the model, the manifold network. GrNet forms the Manifold

Network block, where the original remote sensing images

are transformed into manifold data. This process involves

converting the images into points on the Grassmannian man-

ifold, which is the appropriate input space for GrNet. This

transformation is crucial for representing data in a suitable

manner for training the manifold network effectively.

Finally, GrNet is trained using the manifold data obtained

in the previous stage as input. The soft targets and the real

targets are used as supervision information. The soft targets

generated by the TNet contain knowledge distilled from a

large dataset. On the other hand, the real targets are the

predefined labels that serve as reference information during

training. According to the authors, with these combined steps,

the resulting model benefits from the accumulated knowledge

in TNet and the more appropriate data representation in the

manifold space (GrNet). This training approach with soft

and real targets allows the manifold network to converge

more rapidly and make more accurate predictions compared

to training solely on raw data without knowledge distillation.

The last work described in this section is presented by

Souza et al. [2023], where the authors first introduce a struc-

ture for the Learning Mutual Subspace Method (LMSM) and

subsequently propose a Grassmannian version of this method:

Grassmannian-LMSM (G-LMSM). The authors employed a

CNN as a feature extraction backbone and the proposed meth-

ods as classifiers, creating an end-to-end framework applied

to image set recognition. A conceptual representation of the

key idea behind LMSM and G-LMSM methods can be seen

in Figure 11.

From this figure, it can be observed that LMSM learns

and optimizes subspaces in Euclidean space. This pro-

cess is expected to result in losing the structure of the sub-

spaces. G-LMSM was proposed to overcome this limita-

tion of LMSM. To address this issue, G-LMSM employs the

structure-preserving properties of the Grassmannian manifold

by performing learning via stochastic Riemannian gradient

descent (RSGD), maintaining the geometric integrity of the

subspaces. The following variations for G-LMSM are pro-

posed: 1) a repulsion loss to maximize the representativeness

of G-LMSM; 2) a square root activation function to mitigate

overconfidence; 3) an FC layer after a G-LMSM layer to

represent more abstract objects; and 4) the use of softmax to

control model confidence and scale similarity values.

Among the variations proposed, G-LMSM + softmax,

whose architecture can be seen in Figure 12, stood out by

surpassing baselines such as Grassmann Discriminant Anal-

ysis (GDA) [Hamm and Lee, 2008b] and Graph embedding

discriminant analysis on Grassmannian manifolds (GGDA)

[Harandi et al., 2011] for improved image set matching, which

have a similar purpose of mapping multiple Grassmann data

into a vector representation. This variant also outperformed

GRNet and SPDNet because, as stated by the authors, G-

LMSM + softmax achieved competitive results with fewer

layers and without decompositions, making it naturally paral-

lelizable and scalable.

5.1 Comparison between the works

Table 3 provides a brief summary of Grassmann manifold-

based architectures to establish a comparison between these

architectures. This table shows that all three studies differ in

their focus and approaches. In summary, the first explores

building deep networks directly on the Grassmann manifold

rather than conventional networks in vector spaces. It is

proposed a deep neural network architecture to exploit the

geometric characteristics of this manifold to enhance the per-

formance of machine learning tasks, as classification and

pattern recognition, leveraging the intrinsic subspaces struc-

ture.

The second study focuses on the specific task of remote

sensing classification. Knowledge distillation is employed to



Subspace representations in deep neural networks: A survey Gandra et al. 2025

Figure 11. Representation of the Learning Mutual Subspace Method (LMSM) and Grassmannian-LMSM (G-LMSM). Source: [Souza et al., 2023].
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Figure 12. G-LMSM + SOFTMAX. Source: [Souza et al., 2023].

transfer information from a CNN to GRNet. The emphasis is

on compressing information from a complex model to a sim-

pler model while maintaining performance. Finally, the third

study addresses the problem of image set classification. The

authors use a mutual subspace learning method on a Grass-

mann manifold to capture shared information among images

in each set. The focus is on leveraging subspace relationships

between images to improve recognition performance.

In addition to these differences, Table 3 indicates variations

in the use of loss functions and different optimizers across

the studies. Therefore, it can be concluded that using the

Grassmann manifold in deep networks is beneficial for repre-

senting and manipulating high-dimensional data, a common

characteristic in many practical problems. These methods

rely on projecting data into a lower-dimensional space while

preserving relevant information. However, to date, there have

been relatively few studies exploring the use of Grassmann

manifold in deep networks.

6 Methods Based on Lie group

All works described in this section use Lie group representa-

tions in action recognition problems, specifically with human

skeleton keypoint as input data. However, before describ-

ing these works, it is important to mention that one of the

early research efforts using Lie groups in deep networks is

the work developed in [Yang and Li, 2017]. In this study, the

authors introduce two algorithms. The first is a single-layer

Lie group model, demonstrating how the representation learn-

ing algorithm can be stacked to produce a deep architecture.

The second is a Lie group-based gradient descent algorithm

designed to solve the network weight learning problem. The

algorithms are evaluated using the MNIST dataset. The re-

sults showed that the proposed techniques yield significantly

more suitable representations for training deep networks and

are also computationally efficient.

Zhiwu et al. [2017] proposed a deep network architecture to

learn a Lie group and generate skeleton data representations,

called LieNet. Similar to conventional CNNs, LieNet also

has convolutional layers and pooling layers, referred to as

rotation mapping layers (RotMap) and rotation pooling layers

(RotPooling), respectively. The architecture of LieNet is

shown in Figure 13. The proposed RotMap layers perform

transformations on the input rotation matrices to generate

new rotation matrices that possess the same multiple property

[Tenenbaum et al., 2000; Roweis and Saul, 2000; Belkin and

Niyogi, 2003]. To reduce the dimensionality of the Lie group,

the RotPooling layers aim to pool the rotation matrix results

at both the spatial and temporal levels. Moreover, due to the

fact that rotation matrices are in non-Euclidean manifolds, the

logarithm mapping layer (LogMap) is designed to perform

Riemannian calculations. Finally, SGD was used to train

LieNet.

The authors evaluated LieNet on three 3D human action

datasets to verify the effectiveness of the proposed method.

The datasets wereG3D-Gaming [Bloom et al., 2012], HDM05

[Müller et al., 2007], and NTU RGB+D [Shahroudy et al.,

2016]. LieNet with 3 blocks achieved better results compared

to its versions with 1 and 2 blocks. In addition, it outper-

formed the following baseline methods: RBM+HMM Nie
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Table 3. Summary of architectures using Grassmann manifold.

Proposed

Method

Network Type Type of

Optimizer

Loss

Function

Advantages Disadvantages

GRNet DNN(Deep Neural

Network) com-

posed of projection

blocks containing

convolution and

FC layers

SGD Euclidean It is more robust to data

variations because the

Grassmann space geome-

try provides some invari-

ance to geometric trans-

formations, e.g. rotations

and scale change

High computa-

tional cost

[Tian et al., 2021] Grassmannian

Network in Knowl-

edge Distillation

SGD Cross Entropy It uses information

learned by CNNs to

guide the training of

GRNet

Problem-

dependent

design: remote

sensing

G-LMSM DNN with FC lay-

ers and CNNs as

feature extractors.

It uses LMSM of

Grassmann in an

end-to-end model

RSGD Cross Entropy It integrates subspace-

based methods into mod-

ern DNNs, maintaining

end-to-end training capa-

bility

Fewer libraries,

and documen-

tation available

compared to

other architec-

tures
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Figure 13. Architecture of the LieNet network. Source: [Zhiwu et al., 2017].
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Figure 14. Architecture of the LS-LieNet network. Source: [Li et al., 2019].

and Ji [2014], SE [Vemulapalli et al., 2014], SO [Vemulapalli

and Chellapa, 2016], SPDNet [Zhiwu and Van Gool, 2017],

HBRNN [Du et al., 2015], and Deep RNN [Shahroudy et al.,

2016].

In [Li et al., 2019], a modification of LieNet is proposed,

called LS-LieNet. It combines the convolutional layers of

LieNet with Bi-LSTM (bidirectional long short-termmemory)

recurrent layers. The network was also employed in the task

of skeleton-based action recognition to learn the Lie group

representation of the skeleton data. LS-LieNet consists of: 1.

a convolutional layer called RotMap; 2. a pooling layer called

RotPooling; 3. a logarithm mapping layer called LogMap,

which maps the Lie group to the Lie algebra; 4. a Bi-LSTM

layer; 5. an FC layer; and 6. a softmax layer. The architecture

is summarized in Figure 14.

As proposed in LieNet, the RotMap and RotPooling lay-

ers are specially designed to Lie group features. LogMap

transforms the Lie group features into Lie algebra features.

In the sequence, a conventional CNN classification process

is performed, with dense layers and softmax. In parallel, the

Lie algebra attributes are cascaded into the Bi-LSTM layer to

learn more detailed temporal information, which is followed

by dense layers and softmax. Finally, the final classifica-

tion result is achieved by merging the two softmax outputs,
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taking into account both the spatial information from the

conventional CNN and the temporal dynamics captured by

the Bi-LSTM. This dual-pathway approach ensures that the

model benefits from the strengths of both convolutional and

recurrent layers, providing a comprehensive understanding

of the data. The experiments indicated that the proposed LS-

LieNet reached superior performance compared to LieNet

[Zhiwu et al., 2017] in terms of action recognition accuracy.

The approach presented in [Rhif et al., 2018] also uses

LSTM layers. The proposed deep network, named Long-term

Recurrent Convolutional Network on Lie groups (LRCNLG),

whose architecture is shown in Figure 15, was applied to

the problem of human action recognition from sequences of

3D skeleton data. Initially, the intrinsic nature of the data

characterized by Lie group geometry is incorporated into

the network to learn more suitable geometric features for 3D

action recognition. Subsequently, the model properties follow

those of classical CNNs and LSTMs, trained with SGD.

As shown in the figure, the architecture of LRCNLG con-

sists of stacked layers of one-dimensional convolution across

the entire temporal domain. Subsequently, the feature maps

generated by the 1D CNN are used to train an LSTM model

to recognize action categories. After this, the outputs from

the LSTM layers are concatenated, and a dropout layer is

introduced to mitigate overfitting issues. Finally, an FC layer

with a softmax function is used for class label prediction. The

results obtained from experiments conducted on three human

action datasets consistently demonstrated the effectiveness

of the proposed approach.

6.1 Comparison between the works

Table 4 presents a summary of the works described in this

section. These methods share the following similarities. All

of them apply deep learning techniques to the task of action

recognition from 3D skeletons and use the SGD optimizer.

Additionally, the Lie group plays a crucial role in representing

the input skeleton data. In the case of LieNet and LS-LieNet,

data is processed in the form of Lie group representations

throughout the deep network, while in LRCNLG, the Lie

group is used to represent the input data.

On other hand, they differ in how they approach skele-

ton data representation and handle temporal information loss,

with LieNet, LS-LieNet, and LRCNLG providing unique per-

spectives on the problem. In LieNet, the authors integrated

the advantages of convolutional layers to represent the data.

However, there was still a loss of temporal information re-

lated to skeleton data. In response to this issue, the authors

of LS-LieNet enhanced LieNet by adding LSTM recurrent

layers to mitigate these temporal errors. Finally, within the

context of LRCNLG, the authors developed a neural network

model that goes further into learning geometric characteristics

captured by Lie group representations of skeleton data using

1D convolutional layers and LSTM layers.

7 A Brief Computational Performance

Analysis

The computational performance of the methods varies sig-

nificantly due to differences in the mathematical operations

required by each manifold or group. Below, we provide

a detailed analysis of why certain methods are faster than

others, considering computational complexity and the nature

of the data processing involved.

Fastest Methods: Grassmann Manifold-Based Methods

These methods are generally the fastest among the manifold

methods discussed in this paper. This is primarily due to

the efficient computational properties of operations on Grass-

mann manifolds. These methods involve computations on

subspaces that can be represented by orthonormal matrices

of relatively low dimensions. The key operations include

matrix multiplications and QR decompositions, which are

computationally less intensive compared to operations like

eigenvalue decompositions required in other manifolds.

Moreover, the use of subspaces allows for dimensionality

reduction, leading to a significant decrease in the size of data

being processed. This reduction not only minimizes memory

usage but also reduces the computational cost of subsequent

operations. Additionally, Grassmann manifold methods

inherently capture geometric invariances, such as rotations

and scaling, which means they can process data without the

need for additional computational resources to handle these

transformations. By exploiting these geometric properties,

Grassmann methods achieve efficient computations that

are often faster than traditional Euclidean methods, which

may require complex preprocessing or data augmentation to

handle invariances.

Intermediate Speed: Lie Group-Based Methods

These methods exhibit moderate computational costs. They

work with data represented on Lie groups, which often in-

volve rotations and translations in three-dimensional space.

The operations required include matrix exponential and log-

arithms, which are more computationally demanding than

basic linear algebra operations but are still manageable, es-

pecially when the matrices involved are small (e.g., 3 × 3
rotation matrices).

The data processed by Lie group methods, such as

human skeleton joints, are typically of lower dimensionality,

which helps to mitigate computational demands. Moreover,

Lie groups naturally model continuous transformations

and symmetries, allowing these methods to inherently

handle geometric invariances without additional compu-

tational overhead. This reduces the need for complex

networks or extensive data preprocessing, leading to compu-

tational efficiency that is superior to some Euclidean methods.

Slowest Methods: Riemannian Manifold-Based Methods

These methods, particularly those utilizing SPD matrices,

tend to be the most computationally intensive. This is due

to the complex mathematical operations required, such as

eigenvalue decompositions, matrix logarithms, and exponen-

tial, which have high computational complexity (for instance,
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Input sequence Lie group
representation

1d- CNN LSTM

Dropout

SoftMax

Figure 15. Architecture of the LRCNLG network. Source: [Rhif et al., 2018].

Table 4. Summary of architectures using Lie group.

Proposed

Method

Network Type Advantages Disadvantages

LieNet Deep network with convolu-

tional layers and pooling layers

(RotMap and RotPooling)

Handles key issues related to

speed variations and high di-

mensionality of Lie group fea-

tures

Loss of some temporal informa-

tion from skeleton sequences

LS-LieNet Extension of LieNet with Bi-

LSTM layers

LSTM layers handle temporal

domain information, while con-

volutional layers handle spatial

information

Implementing Lie groups in the

network can be complex and re-

quires advanced knowledge in

mathematics and linear algebra

LRCNLG Lie group representing skeleton

keypoints as input to network

with 1D convolutional layers

and LSTM layers

Effective modeling of human

action sequences. Robust to

variations in action duration,

speed, and order

Training models using Lie

group representations may be

more complex than training on

other representations

O(n3) for eigenvalue decomposition of an n×n matrix). Ad-

ditionally, SPD matrices are often high-dimensional, which

further increases computational demands.

These methods need to maintain the geometric structure

of the manifold through the network layers, requiring

specialized operations and careful numerical implementa-

tions. While they capture the intrinsic geometry of the data

effectively, the computational overhead associated with

these operations makes Riemannian-based methods slower

compared to Grassmann and Lie group methods.

Comparison with Euclidean Methods

Manifold-based methods, despite operating on complex

mathematical structures, can be faster than traditional Eu-

clidean ones. Euclidean methods often require deeper net-

work architectures, extensive data augmentation, or complex

preprocessing steps to handle geometric invariances such as

rotations, scaling, and translations. These additional steps

increase computational complexity and processing time.

In contrast, manifold methods inherently encode these

invariances within their mathematical framework, allowing

them to achieve similar or better performance with fewer

parameters and shallower networks. By leveraging the

geometric properties and subspace representations, manifold

methods process data more efficiently, reducing computa-

tional costs. Therefore, manifold-based methods not only

offer better representation of the data but also improve

computational efficiency over Euclidean methods.

Practical Considerations

In practice, the computational performance of Euclidean

methods depends on factors such as data dimensionality, net-

work architecture, optimization algorithms, and implementa-

tion efficiency. High-dimensional data or complex network

structures can increase computational demands. However,

efficient numerical libraries, parallel computing and approxi-

mation algorithms, etc can mitigate these costs.

Methods that minimize the need for computationally inten-

sive operations, such as the Grassmann manifold-based, are

generally faster and more scalable. By exploiting geometric

invariances and working with lower-dimensional representa-

tions, these methods reduce the overall computational com-

plexity, making them suitable for real-time applications and

large-scale data processing. A comparison of the accuracy at-

tained by deep networks in five benchmark datasets is shown

in Table 5. These datasets are widely used in tasks involving

human action, emotion, and gesture recognition in videos,

each with specific characteristics that make them relevant to

different methodological approaches.

Table 5. Comparison of deep network accuracy.

Method AFEW HDM05 CG UCF-sub UAV-Human

SPDNet 34.23% 61.45% 89.03% 59.93% 42.31%

MSNet - - 91.25% 60.87% -

DreamNet 37.47% - - - 46.28%

SPDNetRP 35.85% - 39.49% 89.17% -

U-SPDNet 21,41% - - - 43.39%

GRNet 59.23% 80.52% 85.69% 35.80% 35.23%

G-LMSM+FC 38.27% - - - -

LieNet - 75.78% - - -

• AFEW (Acted Facial Expressions in the Wild): is a

dataset designed for emotion recognition. It contains
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1,345 video clips of facial expressions extracted from

films, categorized into seven classes of emotions. Its

collection in real-world-like environments facilitates the

evaluation of models under challenging scenarios.

• HDM05 (Human Motion Database 2005): it provides

high-quality skeletal data for modeling 3D human mo-

tion, encompassing a wide range of actions and actors,

making it particularly relevant for applications in com-

puter vision and deep learning.

• CG (Cambridge-Gesture): is a dataset composed of

900 videos featuring five types of gestures performed by

different individuals under varying lighting conditions,

poses, and camera movements. Due to its controlled yet

challenging structure, the CG dataset is ideal for studies

involving model generalization and robustness.

• UCF-101: is one of the most widely used benchmarks

for action recognition in uncontrolled videos, contain-

ing 13,320 video clips across 101 categories collected

from YouTube, which introduces high variability and

complexity to the task.

• UAV-Human: a dataset designed for human action

recognition and person tracking in videos captured by

drones. It provides a relevant scenario for applications

in surveillance, security, and aerial monitoring.

It is important to mention that Table 5 presents the accu-

racy values for the networks discussed in previous sections,

as originally reported in the works of their respective au-

thors. Considering these results, we present below a brief

performance analysis of the networks on the AFEW dataset,

which is the dataset used in almost all the previously described

works, with the exception of the Lienet and MSNet networks.

This analysis is based on the original works and experiments

performed with U-SPDNet in this work.

The authors in Zhiwu and Van Gool [2017] explored

SPDNet’s performance with various configurations, provid-

ing several key observations. First, they observed a drop in

accuracy without the LogEig layer, highlighting the impor-

tance of Riemannian computation. They also found that the

original SPDNet outperformed a model that learned directly

over log-Euclidean forms, demonstrating the relevance of

SPD subspace-based layers. Finally, their results showed that

improvements are not solely due to network depth but also

due to the specific contributions of BiMap and ReEig layers.

In contrast, DreamNet [Wang et al., 2023a] exhibited im-

proved performance with increased depth. The 47-layer and

92-layer models both surpassed the 27-layer version, with the

92-layer version achieving the lowest test errors, reinforcing

the effectiveness of deeper networks. The authors also noted

that these models are easier to train and converge faster than

SPDNet, a benefit they attributed to the reconstruction error

term (RT).

For the SPDNetRP [Wang et al., 2022], experiments

demonstrated that adding RBR layers affects performance

but not in a direct proportion to the number of modules. This

is mainly due to the complexity of the AFEW dataset, which

requires high-level semantic features for better discrimination.

In terms of U-SPDNet [Wang et al., 2023b], we implemented

and observed that learning rate strongly influences stability

and convergence. Lower learning rates values allowed more

gradual parameter updates, better adhering to the manifold ge-

ometry and improving performance. These findings highlight

the importance of careful hyperparameter tuning for neural

networks that operate in non-Euclidean spaces.

Finally, GrNet [Zhiwu et al., 2018] reached superior

performance compared to traditional Grassmann learning

methods and standard ConvNets. It also demonstrated

advantages in speed and in requiring fewer training epochs.

However, recent studies highlighted that both SPDNet and

GrNet face scalability limitations due to complex operations,

whereas lighter approaches such as GLSM+FC can achieve

competitive results with lower computational cost.

Limitations and Challenges of the Study

This study acknowledges important limitations, such as the

restricted scope of comparisons due to the unavailability of

certain architectures (e.g., MSNet). We also point out limi-

tations of the methods that combine subspace representation

techniques with deep neural network. For instance, the sen-

sitivity of models like SPDNet to hyperparameter selection

in non-Euclidean spaces, and the increased computational

cost and complexity associated with deeper architectures like

SPDNet and GrNet. Future directions should include devel-

oping lightweight and efficient architectures that preserve

effectiveness while reducing computational demands; refin-

ing optimization methods for non-Euclidean spaces to im-

prove stability; expanding open-source availability for fairer

comparisons; and incorporating self-supervised or transfer

learning to address small or imbalanced datasets. Addition-

ally, the creation of diverse and realistic datasets is essential

for training more robust and generalizable models, particu-

larly in complex scenarios such as aerial action recognition

and spontaneous facial expression analysis.

8 Conclusion

This study provides a structured and comprehensive review of

recent advances in the integration of subspace representations

within deep neural networks. By systematically categorizing

existing approaches based on their underlying mathematical

structures—such as Riemannian manifolds, Grassmann mani-

folds, and Lie groups—this work provides a novel taxonomy

that clarifies the relationships among diverse methodologies.

This classification facilitates the identification of categories

of methods in the literature and serves as a foundation for the

systematic development of newmodels. Through critical com-

parison and analysis, this survey highlights the performance,

strengths, and limitations of subspace-based architectures, of-

fering insights into their design, effectiveness, and potential

applications.

From a theoretical standpoint, the proposed taxonomy and

analysis contribute to a deeper understanding of how subspace

learning principles can be embedded into deep learning frame-

works, especially in non-Euclidean spaces. This encourages

the development of more interpretable and mathematically

grounded models. From a practical standpoint, subspace-

based approaches exhibit significant advantages, particularly

in terms of robustness to noise and data redundancy, as well
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as the ability to perform effective dimensionality reduction.

These characteristics make them particularly suitable for real-

world applications involving high-dimensional data, includ-

ing recognition, classification, and segmentation tasks in com-

plex environments.

The use of subspace representations enables neural network

models to compress large volumes of information into lower-

dimensional forms without compromising performance. This

results in increased computational efficiency, which is crucial

for deployment on resource-constrained devices. Further-

more, the inherent robustness of these models to noise makes

them highly suitable for applications in domains with impre-

cise, corrupted, or incomplete data, such as aerial surveillance

or facial expression recognition.

However, this study also presents some limitations. The

most important is the absence of direct comparisons, reducing

the comprehensiveness of the benchmarking analysis. This

is due to the unavailability of certain architectures, such as

MSNet. In terms of the investigated architectures, the sensi-

tivity of models like SPDNet to hyperparameter selection, es-

pecially the learning rate, poses a challenge in non-Euclidean

spaces, where inappropriate configurations can compromise

convergence and training stability. Moreover, although in-

creasing network depth tends to improve performance, it also

leads to higher computational costs and algorithmic complex-

ity, limiting scalability and posing challenges for efficient

GPU implementation.

In this work we could identify multiple possibilities for

future research. One promising direction involves the devel-

opment of lightweight and computationally efficient archi-

tectures that retain the expressive power of models such as

SPDNet and GrNet, possibly through approximations that

reduce reliance on expensive matrix decompositions in Rie-

mannian manifolds. Another important challenge is the re-

finement of optimization techniques specifically designed for

non-Euclidean spaces, which would allow for stable training

even with higher learning rates and reduce dependence on

extensive hyperparameter tuning. Enhancing reproducibility

and fairness in comparative studies also requires the release

of public implementations for all relevant architectures. Ad-

ditionally, integrating self-supervised and transfer learning

techniques could help mitigate issues arising from limited or

imbalanced datasets. Lastly, the design of new benchmark

datasets that combine realism, diversity, and high-quality an-

notations would be fundamental in evaluating and advancing

the generalization capacity of subspace-based deep models,

particularly in underexplored areas such as UAV-based action

recognition and spontaneous facial expression analysis.

An especially promising avenue is the exploration of dy-

namic subspace selection techniques, where the subspace

basis adapts during training to better capture evolving pat-

terns in the data. Additionally, deeper integration of manifold

learning principles within neural network architectures could

enhance geometric consistency and model interpretability.

Finally, the combination of subspace methods with modern

attentionmechanisms and transformer-based architectures has

the potential to significantly boost performance in sequence

modeling and cross-modal tasks.
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