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Abstract Over the last decade, deep neural network models have become the dominant paradigm in machine
learning. The use of artificial neural networks in symbolic learning has seen growing relevance in recent years. To
study the capabilities of neural networks in the domain of symbolic Al, researchers have explored the ability of deep
neural networks to learn arithmetic operations, perform logical inference, and execute computer programs. However,
executing computer programs remains highly challenging for neural networks. As a result, success in this area has
been limited, often requiring biased elements in the learning process and restricting the range of executable programs.
In this work, we analyze the ability of neural networks to learn how to execute programs as a whole. To do so, we
propose a distinct approach. Instead of using an imperative programming language with complex structures, we use
the lambda calculus (A-calculus), a simple and Turing-complete mathematical formalism. This formalism serves as
the basis for modern functional programming languages and lies at the heart of computability theory since its initial
definition by Alonzo Church. We introduce the an integrated neural learning and lambda-calculus formalization. We
also explore the execution of a program in A-Calculus based on reductions and show that learning to perform these

reductions is enough to execute any program.
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1 Introduction

In machine learning, a long-standing debate concerns the
most effective ways to learn from data [LeCun et al., 2015;
d’Avila Garcez et al., 2009; Marcus and Davis, 2019; Russell
and Norvig, 2021]. One perspective, known as symbolic or
rule-based models, represents knowledge explicitly through
logical rules, ontologies, and compositional structures, en-
abling interpretable inference and systematic generalization
across domains [Besold ef al., 2022; Garcez et al., 2006,
Russell and Norvig, 2021]. The other perspective, statistical
learning, involves using mathematical or statistical models
to automatically extract patterns and relationships from data
[LeCun et al., 2015; De Raedt et al., 2016; Rumelhart and
McClelland, 1986].

Deep neural networks have been used successfully in appli-
cations such as speech recognition, machine translation, and
image classification LeCun ef al. [2015]; Hinton [2025]. Over
the last decade in particular, advances in the field have led to
models, most notably large-scale transformer architectures
[Brown et al., 2020; Vaswani et al., 2017] that are reshap-
ing the technological and scientific landscape and enabling
scientists to tackle an increasingly broad range of problems,
including those with a natural symbolic structure. When neu-
ral networks are applied to symbolic problems, the result is a
hybrid approach that combines the advantages of both rule-
based and statistical approaches. This combination falls into
the realm of Neurosymbolic Al [d’Avila Garcez et al., 2009;
Kautz, 2022]. This field combines the statistical nature of

machine learning with the logical nature of reasoning in Al
[d’Avila Garcez et al., 2009], and has attracted the attention
of academic and industry researchers [Besold ef al., 2022;
Garcez and Lamb, 2023; Gaur and Sheth, 2024].

Integrating learning and reasoning is motivated by the need
to build more robust Al models [Dietterich, 2017] as advo-
cated by Valiant and now a subject of increasing interest in
the AT community [Valiant, 2003, 2018; Marcus and Davis,
2019]. There are several approaches to build such systems.
Kautz [2022] presents six different forms of neurosymbolic
Al, varying in how and where the two approaches are com-
bined. In the present work, we use the form Neuro: Symbolic
— Neuro, where we take a symbolic domain (reductions of
the A calculus) and apply it to a neural architecture (the trans-
former model).

We aim to explore the capacity of transformer neural net-
works [Vaswani ef al., 2017] to learn rules that perform com-
putations, a task traditionally considered challenging for neu-
ral networks. We emphasize, however, that this study repre-
sents a first step towards building a neural lambda calculus,
rather than a comprehensive analysis of the transformer model
through the lens of computational complexity and computabil-
ity theory. The idea of training a machine learning model
to perform formal symbolic computations is highly relevant.
Most works in this field, however, restrict the class of pro-
grams that the model can take as input and consist of teaching
the model to understand rules for the evaluation of mathemat-
ical expressions [Arabshahi ef al., 2018; Lample and Charton,
2019].
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In contrast, we use the lambda calculus (A-Calculus) as
the underlying framework [Barendregt, 1984]. Introduced
by Church in the 1930s [Church, 1936], it is a simple, ele-
gant, and Turing-complete formal system based on function
abstraction that captures the notion of function definition and
function application. It is the base for modern functional
programming languages, such as OCaml, Racket, Haskell
[Michaelson, 2011], and it has become one of the foundational
computational models alongside Turing machines [Cardone
and Hindley, 2006].

The A-Calculus can be seen as a programming language
whose programs, called the A\ terms, can be subject to re-
ductions that represent and are interpreted as computations
performed within the formalism. Applying a single reduction
to a term represents a one-step computation in the A-calculus,
while a full computation involves successive single reduc-
tions of a term until a normal form is obtained (if it has one),
i.e., a term that cannot be reduced any further.

Our research focus is on learning to reduce lambda ex-
pressions using a neural model. Specifically, we analyze the
following two hypotheses.

* HI: The transformer model can learn to perform one-
step computation on lambda calculus.

* H2: The transformer model can learn to perform a full
computation on lambda calculus.

Since lambda terms do not have a fixed size, we use a
sequence-to-sequence (seq2seq) model, which can handle
variable-length inputs and produce outputs, within practical
limits. We use the transformer model which has been widely
used across a range of applications, including symbolic tasks
[Vaswani et al., 2017].

2 Related Work

Zaremba and Sutskever [2014] used seq2seq models to learn
to evaluate short computer programs using an imperative
language with the Python syntax. However, their domain
is restricted to short programs that can use just some arith-
metic operations, variable assignment, if-statements, and non
nested loops. Researchers have also analyzed the computa-
tional expressivity of transformers under realistic constraints.
Peng et al. [2024] elucidate certain shortcomings of the trans-
former architecture, such as the complexity of elementary
function composition with respect to function domain sizes.
Li et al. [2024] explain why chains of thought (CoT) allow
transformer architectures to perform serial computation. Liu
et al. [2023] demonstrated that a transformer with limited
depth can implement finite-state automata, and therefore any
algorithm with bounded memory.

Other studies have worked towards developing models that
learn algorithms or learn to execute computer code [Kaiser
and Sutskever, 2015; Graves et al., 2014; Trask et al., 2018].
However, these works are restricted to some arithmetical
operations or sequence computations (copying, duplicating,
sorting). Additional work concentrates on acquiring an under-
standing of program representation. For example, [Maddison
and Tarlow, 2014] builds generative models of "natural source
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code”, i.e., code written by humans and meant to be under-
stood by other humans, while [Mou et al., 2014] applies neural
networks to determine program equivalence. [Zhang et al.,
2023] show that transformers can compute derivations of
Horn formulae and empirically demonstrate that transformers
usually learn simpler representations that capture statistical
artefacts of the dataset rather than performing actual logical
reasoning.

The transformer model [Vaswani et al., 2017] brought
several key advancements and improvements compared to
previous seq2seq models prevalent at that time, including
improved parallelism, reduced sequential processing require-
ments, and the ability to handle longer sequences. These
properties have contributed to the widespread adoption of
the transformer model in various machine learning and Al
applications.

Lample and Charton [2019] applied the transformer model
to learn symbolic integration of functions, demonstrating
that it could outperform existing methods in both accuracy
and efficiency. This study highlights the potential of the
transformer model as a valuable tool for tasks that require
symbolic reasoning and mathematical operations.

The transformer model has also enabled recent develop-
ments in conversational Al technologies. A notable example
is ChatGPT !, which is based on the GPT-3 model [Brown
et al., 2020]. These chatbots can answer questions across
a wide range of domains [Roose, 2022] and perform basic
symbolic reasoning. However, their symbolic reasoning capa-
bility is still limited, with models producing incorrect answers
to straightforward questions.

In the present work, we shift from the imperative paradigm,
used in all prior works, to the functional paradigm, repre-
sented by the A-Calculus. With this, we abstract the idea of
learning to compute computer programs to learn to perform
reductions on A terms.

In the sequel, we will show that to learn one-step computa-
tion, we obtain an accuracy of 88.89% on completely random
terms A and 99.73% in terms representing Boolean expres-
sions. For the full computation task, we obtained an accuracy
of 97.70% for A terms that represent Boolean expressions.
Considering a string similarity metric, most of our predicted
A terms were above 99% similar to the correct ones.

With these results in hand, we think that the change to the
functional paradigm and the use of the transformer model are
two promising directions for future research.

3 The Lambda Calculus: A Summary

In this section, we present an overview of the main aspects
of the lambda calculus that will be used in the paper.

3.1 Syntax

We start by defining the syntax of lambda terms. In the
following, x denotes a member of an infinite and countable
set of variables.

lavailable at: https://openai.com/blog/chatgpt/
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Definition 1 (\-terms) T7e set of A-terms is defined by the
following abstract grammar:
M,N,...:= x| XM | MN

Every variable is a A term; the term Az.M is a function
with parameter x and body M; the term M N is the appli-
cation of the term M to the argument N. In a term Ax.M,
the occurrences of a variable z inside M are called bound
occurrences, and we say that x is a bound variable. Variables
that are not bound are called free variables.

3.2 Reductions

The main reduction of the formalism is a binary relation be-
tween terms called 5 — reduction that is based on the substi-
tution operation. A substitution takes a A\-term and substitutes
a variable in it with another A\-term, similar to what is done
in mathematics when a function is applied to an argument.

Definition 2 (Redex) A redex (reducible expression) is any
subterm in the format

(A\z.M) N

If a term has no redexes, the term is a normal form. Oth-
erwise, the term is reducible. Now, the 3-reduction relation
can be defined as:

Definition 3 (One-Step) (-reduction (— ) is the smallest
relation on lambda terms such that
M —B M’

N*)/;N/ M*)QMI

MN—=sM'N  MN—o;MN  \a.M—ps A a.M

(Ax.M) N —g Mz := N]

In the definition above M [« := N] is the notation used to
represent the term that results from the substitution of all the
occurrences of the variable x in the term M by a term N.

The multi-step reduction — g is defined as the reflexive
and transitive closure of — 4, as follows:

Definition 4 (Multi-Step) —- 3 is the smallest relation on
lambda terms such that

M%—)BNN—HBP
M—)—)gP

M—)gN
M—>—>5N

M—>—>5M

We say that a term M has a normal form if there is a term [V
such that M —+g N and N is a normal form. Not every term
has a normal form. An example is the term (A\x.z z) (Az.z x)
that S-reduces to itself.

When a term have more than one redex, it is useful to have
a strategy to select which redex to reduce at each computation
step. The two most common evaluation strategies are: (i)
normal or leftmost order, where the leftmost, outermost redex
of a term is reduced first, and (ii) applicative or strict order,
where the rightmost, innermost redex of a term is reduced
first. An outermost redex is a redex not contained in another
redex, and an innermost redex is a redex that does not contain
other redexes.
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Choosing the evaluation strategy is important to clearly
define which redex to reduce through g-reduction. Further-
more, it is not just a matter of personal preference since there
is a theorem that says that if a term M has a normal form P,
then the normal order evaluation strategy will always reach
P from M, in a finite number of 3 reductions.

Therefore, in this work, we always use the normal order
evaluation strategy when making [ reductions on terms to
ensure that if the term has a normal form, we can reach it.

Another type of reduction in the lambda calculus is a-
reduction, used for the renaming of bound variables when
necessary. But since we are following the Barendregt con-
vention [Barendregt, 1984], which states that the names of
the bound variables will always be unique, we do not need to
consider a-reduction in this work.

3.3 Encodings and Computations

We can use the structure of function abstractions and applica-
tions to encode representations for numbers, Booleans, pairs,
lists, etc. In this work, we adopt the Church Encoding. Ex-
amples of such encoding are given below:

true = Az \y.x

false = Az \y.y

and = M. (pq)p
if = AcAtde (ct)e

With these encodings we can define the boolean ex-
pression true A false, for instance, as the lambda term
(and true) false that reduces to its normal form false
in four small-steps as follows:

and true) false

(

((Ap-Agq. (p q) p) true) false
E)\q. (true ¢) true) false
(

8

—g (true false) true

= (Az.Ay. ) false) true
—3  (\y. false) true

—p false

= Az A\yy

With the lambda term if we can define an expression
such as if true then w else z, for instance, as the lambda term
((if true) w) z, that reduces to the term w as the following
reduction shows:

((if true) w) 2z
E(()\c.)\t.)\e. (ct) e) true) w) z

At.Xe. (truet) e) w z
Ae. (true w) e) z
true w) z

(Az A y.z) w) z

=5 (A\yw) z

—B3 W

™

—
—

™

The sequences of one-step reductions above are
proofs that (and true) false —g false, and that
((if true) w) z =3 w.

3.4 Prefix Notation

For this work, we only consider A-terms in the prefix notation
for the learning tasks. To write lambda terms in the prefix
notation, we need to add the application symbol (@) to the
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syntax. The lambda term N M is written as @ N M in
the prefix notation. We also change the A symbol for this
representation using the uppercase letter “L”.

We chose prefix notation because it offers a well-organized
structure derived from a tree-like representation. This struc-
ture allows for a more straightforward representation of ex-
pressions, as it is unambiguous and eliminates the need for
parentheses. This makes it easier to process expressions,
particularly for the purposes of learning and understanding
complex mathematical concepts.

Example 1 The lambda terms true, false, and, if in the
prefix traditional notation, are:

truesq = LzLycx

false,q = LzLyy

andqq = LpLqgq@Q@pgp
ifiq = LcLtLe@Q@cte

With these encodings and notation we have that
@@ andyq trueiq falseiq —»3 falseiq
and also that

Q@@ ifyy trueyy wz —Hg W

3.5 De Bruijn Indices

The De Bruijn indices are a tool for defining A-terms with-
out having to name the variables [de Bruijn, 1972]. This
approach can be useful, since the terms are agnostic to the
variable naming and are simpler in the sense that they are
shorter. In practice, they simplify computations as they elim-
inate the need for a reductions. Basically, a De Bruijn index
just replaces the variable names with natural numbers. The
abstraction no longer has a variable name, and every variable
occurrence is represented by a number, indicating at which
abstraction it is bound. These nameless terms are called De
Bruijn terms, and the numerical variables are called De Bruijn
indices [Pierce, 2002].

This notation assumes that the De Bruijn indice for a bound
variable corresponds to the number of binders (abstractions)
under which the variable is. This notation can also be used
in conjunction with the prefix notation. We will use it to
compare with the traditional notation and see if there is any
advantage in using a notation with no variable names for the
tasks we are interested in.

Example 2 The lambda terms true, false, and, and
(and true) false in the prefix De Bruijn notation are:

truegy = LL2
falsegp = LL1
andgp = LL@@212

(andgp trueqs) falseqsp @ @ andgp truegy, falsegp

4 Neural Networks and Neurosym-
bolic AI

In this section, we briefly review concepts for the reader who
is not an expert in Neural Networks or Symbolic Al, since
this work is multidisciplinary. Neurosymbolic Al combines
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the strengths of both symbolic and connectionist Al [Besold
et al., 2022; Garcez and Lamb, 2023; Gaur and Sheth, 2024].
In this paper, the symbolic AI component is the lambda cal-
culus described above. Connectionist Al, on the other hand,
represents knowledge as patterns in a network of simple pro-
cessing units. As in several neurosymbolic works, we aim to
combine the two approaches by using a transformer neural
network to learn symbolic lambda calculus computations.

The fundamental component of an artificial neural network
(ANN) is the neuron, which essentially “activates” when a
linear combination of its inputs exceeds a certain threshold.
An ANN is a collection of interconnected neurons whose
properties are determined by the arrangement of the neurons
and their characteristics [LeCun et al., 2015; Russell and
Norvig, 2021].

The artificial neurons can be organized into layers. The
input data are fed into the first layer, and the output of each
neuron in a given layer is used as the input for the next layer
until the final layer produces the network output. The con-
nections between neurons are represented by weights that
are updated during the training process to minimize the error
between the predicted output and the actual output. Neural
networks are powerful tools for solving complex real-world
problems. However, traditional NNs have fixed-size inputs
and outputs. This is a significant constraint, as many crucial
problems are better expressed using sequences of unknown
lengths, such as speech recognition and machine translation.
Thus, a versatile method that can learn to translate sequences
into sequences without being restricted to a specific domain
would be valuable [Sutskever et al., 2014].

Sequence-to-sequence (seq2seq) models emerged from
this need. They are a type of deep learning model that is
used for tasks that involve mapping an input sequence to an
output sequence of variable length. They have traditionally
been applied to various natural language processing tasks,
such as machine translation, text summarization, and text
generation. The assembly of seq2seq models can be done
according to different model architectures such as recurrent
neural networks (RNN) [Lipton et al., 2015], Long short-term
memory networks (LTSM) [Sutskever ef al., 2014], gated
recurrent units (GRU) [Cho et al., 2014], and the Transformer
[Vaswani et al., 2017]. Given that we can see the tasks we
want to accomplish as analogous to machine translation tasks,
we have opted to employ the sequence-to-sequence model
using the Transformer.

The Transformer model is a type of neural network archi-
tecture that was introduced in [Vaswani et al., 2017]. It is
designed to handle sequential data, such as natural language,
and has quickly become one of the most popular models for
tasks such as natural language processing, machine transla-
tion, text classification, and question answering. The authors
showed that their Transformer model could be used at scale in
natural language processing and other applications. In partic-
ular, the model’s architecture and attention mechanism allow
the Transformer to capture long-range dependencies in the
data, which is particularly useful for processing sequences
of variable lengths. Another advantage of the Transformer
is its parallelization capacity, which allows it to be trained
efficiently on large amounts of data. The Transformer model
can be trained in parallel on multiple sequences, which is not
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possible with other traditional sequence-to-sequence models.

We chose the Transformer model mainly because to per-
form the S-reduction over lambda terms, it is necessary to
substitute every occurrence of the variable in question with a
term, and we believe that the self-attention mechanism can
be used to “pay attention” to all these variable occurrences
when performing the task.

5 Building Experiments

For each of the hypotheses outlined in the Introduction, we
propose a different task for our model to learn. The hypothesis
H1 claims the model can perform a single-step computation
in the A\-Calculus, that is, it can take a A-term and transform it
according to the single-step 5-reduction rules of Definition 3
following a normal order strategy. We call this the One-Step
Beta Reduction (OBR) task. The hypothesis H2 is that the
model can perform multiple reduction steps in the lambda
calculus, taking a normalizable A-term, i.e., a A-term that
has a normal form, and transforming it into its normal form
through multiple beta reduction steps, following a normal
order strategy. We call the task associated with this hypothesis
the Multi-Step Beta Reduction (MBR) task.

The primary focus of our research question aligns with the
second hypothesis. However, we chose to begin with a more
straightforward hypothesis as a starting point. The first task is
considered easier because it requires the execution of a single
computational step, which is less complex than performing a
full computation. This approach helps us gradually build our
understanding and confidence before moving on to the more
challenging second hypothesis. To support these hypotheses,
we generate several datasets for each of the tasks and use them
to train machine learning models. By training the models on
these datasets, we will determine if the models can learn and
perform the tasks associated with each hypothesis.

5.1 On Training

Since the A-terms we are using do not have a fixed size, we
need our neural model to accept inputs of varying lengths
and generate outputs accordingly. We use a sequence-to-
sequence model (seq2seq), which allows for inputs and out-
puts of different sizes. Specifically, we use the Transformer
model [Vaswani ef al., 2017]. This model has been widely
used for neurosymbolic learning as illustrated in [Lample and
Charton, 2019]. Regarding the hyperparameters, our prelimi-
nary experiments suggested that those used by [Lample and
Charton, 2019] were adequate for our tasks. If needed, they
can be adjusted during the training process. So, the set up
hyperparameters are the following:

* Number of encoding layers - 6

* Number of decoding layers - 6

* Embedding layer dimension - 1024

* Number of attention heads - 8

* Optimizer - Adam [Kingma and Ba, 2014]
* Learning rate - 1 x 1074

* Loss function - Cross Entropy
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5.1.1 Experimental Setting

The experiments were conducted on a server with the follow-
ing configuration:

« CPU: Intel(R) Core(TM) i7-8700 CPU @ 3.20GHz
« RAM: 32 GB (2 x 16 Gb) DDR4 @ 2667 MHz

« GPU: Quadro P6000 with 24 Gb

« OS: Ubuntu 18.04.5 LTS

Our initial goal was for each training session to run for 12
to 24 hours. Preliminary results showed that each training
consisting of 50 epochs with an epoch size of 50, 000 would
take between 12h to 30h to complete. So, we chose this
arrangement. This configuration allows the model to process
a total of 2.5 x 10°¢ equations, which is 2.5 times the size of
the dataset. With this machine, model, and configuration, we
can safely have inputs with up to 250 tokens. With more than
that, we end up with a memory shortage.

5.2 Lambda Sets and Datasets

To generate the datasets on which the models will train, we
first generate Lambda Sets (LSs) containing only lambda
terms. From these LSs, we generate the datasets needed for
the training. We start generating the following three LSs:

* Random Lambda Set (RLS): This LS is generated as
randomly and as unbiased as possible. Thus, this LS can
have terms that do not have a normal form, and also terms
that are codifications of Boolean expressions. With the
datasets generated from this LS, we want to assert that
the model can learn S-reduction, regardless of whether
the input terms represent meaningful codifications or
have a normal form.

* Closed Bool Lambda Set (CBLS): This LS has its terms
representing closed Boolean expressions. Thus, all the
terms in this LS have a normal form. With the datasets
generated from this LS, we want to assert that the model
can learn the S-reductions from meaningful codifica-
tions. In addition, these datasets are useful to validate
the models trained with the RLS datasets, i.c., to vali-
date whether the model learned from random terms can
perform computations on terms that are meaningful cod-
ifications.

* Open Bool Lambda Set (OBLS): The terms in this LS
are codifications of open Boolean expressions, that is,
with free variables in them. With the datasets generated
from this LS, we want to assert that the model can learn -
reduction from terms that are meaningful codifications,
even if they have free variables.

For the One-Step Beta Reduction Task (OBR), we generate
datasets based on the three LSs proposed. However, for the
Multi-Step Beta Reduction task, we do not utilize the Random
LS to generate datasets, as the terms produced randomly may
not have a normal form leading to infinite loop during the
multi-step S-reduction.

In addition to the LS mentioned above, we create an addi-
tional LS for each task, which we refer to as a Mixed Lambda
Set (MLS). For OBR, the MLS comprises terms coming from
RLS, CBLS, and OBLS in the same proportion. For the MBR,
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the MLS is formed by terms from CBLS and OBLS, which
are in the same proportion. With these mixed LSs, we want to
assert that the model can learn from a domain that considers
several kinds of terms.

From each of the four lambda sets presented above, we
generate three datasets (all in the prefix notation), one for
each of the following schemes for variable-naming:

* De Bruijn: this variable naming convention, presented
in Section 3.5 is a way of representing A-terms without
naming the variables. It results in shorter terms and
presents a factor that can be beneficial for our model.
Traditional: Datasets following this convention are gen-
erated from the datasets in De Bruijn notation by replac-
ing the De Bruijn indices by traditional variable names,
suchas a, b, ¢, x, y, z , etc, following alphabetical order.
We utilize this convention because we want to compare
the results of the learning process using the De Bruijn
convention with those using the traditional convention
* Random Vars: This convention also uses the traditional
convention for variable naming. However, for this ver-
sion, we take the De Bruijn datasets and replace the De
Bruijn indices by traditional variable names chosen ran-
domly. We utilize this approach because we want to
check if the way we name the variables matters for the
models’ accuracy.

In summary, for the OBR task, we ultimately have a total
of 12 datasets, as illustrated in Figure 1, and for the MBR
task, we have nine datasets, as shown in Figure 2.

All the datasets are simple text files, with each line in the
format

BETAMN

For the OBR task, the pair of terms in BETA M N is inter-
preted as: A term NNV results of a one-step reduction of A term
M following the normal order strategy. For the MBR task,
BETA M Nis interpreted as: A term [V is the normal form that
results from a multi-step reduction of A term M, following
the normal order strategy.

Example 3 The following are examples of entries in a closed
bool dataset with the traditional variable naming convention,
for the MBR tasks:

BETA @ @ and;q true;q falseyy
BETA @ Q@ and;q true;q truey

falseyy
truey

Example 4 Examples of entries in an open bool dataset with
the traditional variable naming convention, for the MBR
tasks:

BETA Q@ @ if;y trueyq wz w
BETA Q@ @ if;y falseyq wz 2z

It should be noted that the same CBLS and OBLS are
utilized by both the OBR and the MBR tasks, meaning that
the initial A\-terms for the datasets that employ these same LS
are consistent across both tasks. These datasets provide us
with a broad set of test cases to evaluate the performance of
our models.

Each dataset contains around one million examples (pairs
of terms BETA M N), and we further divide each dataset into
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—)[ obr_rand_db ]

Random LS ;[ obr_rand_trad ]
—)[ obr_rand_rv ]

—>[ obr_cb_db ]

Closed Bool LS ;[ obr_cb_trad ]
—)[ obr_cb_rv ]

—>[ obr_ob_db ]

Open Bool LS ;[ obr_ob_trad ]
—)[ obr_ob_rv ]

v —){ obr_mix_db ]

> Mixed LS ;[ obr_mix_trad ]
T —)[ obr_mix_rv ]

Figure 1. Scheme of how all the datasets for the OBR tasks are generated.
It starts with the three Lambda Sets (RLS, CBLS, and OBLS) and ends with
all 12 datasets available for the OBR task.

training, validation, and test sets. Adhering to the method-
ology outlined by [Lample and Charton, 2019], we allocate
approximately ten thousand examples for both the validation
and the test sets. This division of the datasets into training,
validation, and test sets allows us to effectively train our mod-
els, tune their parameters, and evaluate their performance on
independent data. Using a large number of examples in each
dataset and following established best practices, we want to
ensure that our results are robust and representative of the
underlying task.

5.2.1 Term Sizes

As mentioned in Section 5.1.1, the maximum number of
tokens that our configuration allows is 250. With this restric-
tion, we were able to generate the term sizes listed in Table
1. Although we calculated these sizes using the datasets with
terms in the traditional variable-naming convention, we ex-
pect similar results for the other datasets (with the exception
of the De Bruijn convention, which should produce smaller
term sizes).

Table 1. Table showing the minimum, maximum, and average sizes
of the input A-terms for each dataset. The datasets considered use
traditional variable naming.

Task | Dataset min | max avg
random 5 249 | 127.2 +64.99

OBR closed bool | 9 193 | 97.6 £ 26.76
open bool 5 181 | 66.46 &= 21.73
mixed 5 249 | 86.93 £ 46.56
closed bool | 9 193 | 97.55 £ 26.75

MBR | open bool 5 181 | 66.46 £+ 21.72
mixed 5 181 | 77.96 £ 28.02
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mbr_cb_db ]

Closed Bool LS mbr_cb trad ]

mbr_cb_rv ]

mbr_cb_db ]
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v mbr_mix_db ]

Mixed LS

mbr_mix_trad ]

Y

I N AN

mbr_mix_rv ]

Figure 2. Scheme of how all the datasets for the MBR tasks are generated.
It starts with the two Lambda Sets (CBLS, and OBLS), and ends with all
nine datasets that are available for the MBR task.

5.2.2 Number of Reductions

For certain Lambda Sets, we iteratively generated the reduc-
tions until a normal form was reached for each term. Thus,
another important metric we consider is the number of re-
ductions each term had to undergo to reach its normal form.
This number can be seen as the number of computational
steps necessary to evaluate a given term. Table 2 shows the
average number of reductions that the terms of each Lambda
Set have undergone to generate their respective datasets for
the OBR and MBR tasks.

Table 2. Table showing the minimum, maximum, and average num-
ber of reductions that the terms of each Lambda Set have undergone.
The terms in the Mixed Lambda Set considered here come only from
the closed bool and open bool Lambda Sets.

Lambda Set | min | max avg

closed bool 3 100 | 18.8 £12.22
open bool 1 100 | 18.88 +10.42
mixed 2 100 | 18.82 £11.32

5.3 Code and Implementation

In this work, we used two distinct pieces of code. The first
piece of code, adapted from [Lample and Charton, 2019], was
responsible for generating what we call intermediate A-terms.
These intermediate lambda terms follow the syntax given by
the grammar in Definition 1. This piece of code also handled
the learning process.

The second piece of code is responsible for generating,
from the intermediate lambda terms, the lambda terms in the
formats required for the lambda sets, as described in Section
5.2. Italso implements a simulator that performs reductions of
these lambda terms. From the simulation results, it generates
the datasets with pairs BETA M N where the lambda term IV is
the result of the lambda term M reduction.

We observe that after generating the datasets, they must
first be cleaned by (i) deleting repeated pairs, and (ii) because
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we want all pairs to represent S-reductions, we also delete all
pairs BETA M N with the first component M in normal form.

5.4 Accuracy and Similarity

The accuracy of the model in predicting the data in the test
set is calculated and recorded after each epoch so that one can
evaluate model performance. For each of the models trained,
we display a graph showing the evolution of the model’s ac-
curacy (y-axis) over the epochs (x-axis). The accuracy of
the model determines whether the predicted string matches
the expected output. However, accuracy may not be the only
relevant metric for evaluating the performance of a model
in text generation or other similar tasks. In some cases, it
may be useful to measure the similarity between the predicted
and expected strings, even if they are not identical. So, addi-
tionally, we used a string similarity metric to compare how
close the predicted string is to the expected one. For this,
we used a common string similarity metric, the Levenshtein
distance, which measures the number of changes (insertions,
deletions, or substitutions) needed to transform one string
into the other [Levenshtein, 1966]. This metric provides the
absolute difference between the two strings, so we divide this
distance by the maximum distance possible between the two
strings (which is the length of the longer string) to generate a
percentage of dissimilarity. Then, we subtract this value from
1 to get a percentage of similarity between the two strings.
So, we also provide a string similarity value for each trained
model. The formula used is as follows:

~ lev_dist (s1,52)
max (len(s1), len(s2))

str_sim (s1, $2) =

As part of our analysis, we also assessed the capacity of
the models trained with each dataset to evaluate the other
datasets. We achieve this by performing additional evalua-
tions with each of the already trained models. For this, we
use a model trained with one dataset to evaluate the other
datasets that use the same notation and are designed for the
same task. For example, we take the model that was trained
on the obr_rand _trad dataset and evaluate how it performs
on the obr_cb_trad, obr ob_trad and obr _mix_trad datasets
with respect to accuracy and similarity.

6 Experimental Results

Some trainings experienced an oscillation in accuracy, indi-
cating that the initial learning rate (1 x 10~%) was too high.
So, we had to adjust the learning rate for these trainings. We
initially used the same value for all trainings, but decreased it
based on the degree of accuracy oscillation. Table 3 shows
the final learning rates for each training performed. Although
the learning rate was adjusted for different trainings, we kept
it consistent for the three conventions in each dataset for
comparison purposes. It is important to note that we did not
thoroughly search for the optimal learning rate; instead, we se-
lected a parameter that resulted in satisfactory and converging
accuracy.
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Table 3. Values for the learning rate hyperparameter chosen for
each of the tasks and lambda sets trained. The values started with
1 x 107, and it was lowered as the trained showed an unacceptable
oscillation, indicating the learning would not converge.

Task Lambda Set | Learning Rate

random 1x107%

One-Step Beta | closed bool | 6 x 10~°
Reduction open bool 8 x107°
mixed 1x1074

=5

Multi-Step Beta closed bool | 3 x 1075

. open bool 5 x 10

Reduction . _5
mixed 5x107°

Accuracy (%)
w
o
!

15 4 —— de Bruijn
10 4 — Random Vars
54 —— Traditional
o] T T T T T y
0 10 20 30 40 50

Epochs

Figure 3. Graph displaying the progression for the training of the One-
Step Beta Reduction task, for the random dataset, over the three different
conventions.

6.1 Training Results

This section presents graphs that illustrate the training results
for every model trained. The graphs display the model’s
accuracy for the test dataset of the respective training dataset
as it evolves over the training epochs. Each graph presents
the results for all three variable naming conventions utilized
in this study: the traditional convention, the random vars
convention, and the De Bruijn convention.

For the OBR task, the training for the random datasets can
be seen in Figure 3, the closed bool datasets in Figure 4,
the open bool datasets in Figure 5, and the mixed datasets in
Figure 6. For the MBR task, the training for the closed bool
datasets can be seen in Figure 7, the open bool datasets in
Figure 8, and the mix datasets in Figure 9.

In addition to the graphs, tables 4 and 5 show the final
accuracies, i.e. the accuracy of the last epoch for all the
models trained for both the OBR and MBR tasks. The table
also shows the average percentage of similarity of the strings,
calculated using the Levenshtein distance shown in Section
5.4.

6.2 Evaluation Across Datasets

In this section, we show the results obtained by some addi-
tional evaluations with the already trained models for the OBR
and MBR tasks. We use a model trained with one dataset
to evaluate the other datasets that use the same convention
and are designed for the same task. For example, we take the
model that was trained on the obr cb db dataset and eval-
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Figure 4. Graph displaying the progression for the training of the One-Step
Beta Reduction task, for the closed bool dataset, over the three different
conventions.
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Figure 5. Graph displaying the progression for the training of the One-
Step Beta Reduction task, for the open bool dataset, over the three different
conventions.
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Figure 6. Graph displaying the progression for the training of the One-
Step Beta Reduction task, for the mixed dataset, over the three different
conventions.
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Table 4. Accuracy and the average string similarity for the evaluation of the models trained for the OBR task.

Accuracy (%)
w
Q

Lambda Set | Convention | ACC (%) | STR SIM (%)
trad 88.89 99.83
random random vars 69.30 99.51
De Bruijn 67.84 99.34
trad 99.73 99.998
closed bool | random vars 98.10 99.98
De Bruijn 98.16 99.99
trad 98.82 99.99
open bool random vars 94.88 99.95
De Bruijn 97.94 99.97
trad 92.88 99.89
mixed random vars 88.52 99.77
De Bruijn 87.93 99.73
Table 5. Accuracy and the average string similarity for the evaluation of the models trained for the MBR task.
Lambda Set | Convention | ACC (%) | STR SIM (%)
trad 82.75 97.97
closed bool | random vars | 76.08 97.06
De Bruijn 82.20 96.49
trad 97.70 99.92
open bool random vars | 80.92 98.19
De Bruijn 97.02 99.77
trad 97.63 99.89
mixed random vars | 76.58 98.15
De Bruijn 89.99 98.64
100
95 +
90 +
85 +
80 +
75 4
70
65 +
5 601
< 554
§ 50
g 45
< 404
35 1
30 4
25
20 7
—— de Bruijn 15 4 —— de Bruijn
—— Random Vars 10 —— Random Vars
—— Traditional 54 — Traditional
8 10 2 P P %0 8 10 2 B P %0
Epochs Epochs

Figure 7. Graph displaying the progression for the training of the Multi-Step
Beta Reduction task, for the closed bool dataset, over the three different

conventions.

Figure 8. Graph displaying the progression for the training of the Multi-
Step Beta Reduction task, for the open bool dataset, over the three different

conventions.
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Figure 9. Graph displaying the progression for the training of the Multi-
Step Beta Reduction task, for the mixed dataset, over the three different
conventions.

uate how it performs on the obr_rand _db, obr _ob_db and
obr_mix_db datasets. We use test datasets to perform these
evaluations.

Tables 6 and 7 show the values found for the evalua-
tions with the trained models for the OBR and MBR tasks,
respectively.

7 Analysis of Results

In this section, we discuss the results of the experiments.

7.1 Training

Next, we discuss the results of the training presented in Sec-
tion 5. From the results, we are able to determine which
datasets and conventions performed better, and we seek to
conjecture some hypotheses about what happened in the train-

ing.

7.1.1 One-Step Beta Reduction

In the training of the models for the OBR task, it was found
that each model achieved an accuracy of at least 67.84%.
However, when only the best conventions were considered,
each model achieved a minimum accuracy of 88.89%. Fur-
thermore, a model achieved remarkable accuracy 99.73%.
These findings, which can be seen in Table 4, highlight the
high accuracy and effectiveness of the models, particularly
when using optimal conventions, which supports hypothesis
H1.

The similarity metric for the strings can also be seen in
Table 4 and indicates that, despite incorrectly predicting some
terms, the model was able to accurately predict a significant
portion of those terms, with all similarities being at least
99.34%. If we take only the best conventions, this number
goes up to 99.83%. In addition, some models achieved an
outstanding performance of more than 99.99% for this metric.
For example, the model trained with the random dataset with
the De Bruijn convention got a final accuracy of 67.84%.
However, the string similarity metric for the same training
was 99.34%. This illustrates how much closer the correct
answers were to the incorrect answers obtained by the model.
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Upon analyzing the performance of the models in different
datasets, it is clear that the closed bool and open bool datasets
were easier to learn compared to other datasets, as we can see
in Figures 3, 4, 5 and 6. The Boolean datasets achieved
good accuracies in a shorter time period and presented sim-
ilar results among themselves. The random dataset was the
hardest to learn, as shown in Fig. 3. We think this is due to
the absence of more defined patterns among the terms. The
mixed dataset, as expected, fell between random and boolean
data sets in terms of difficulty to learn. However, its accuracy
surprised us, since it was the most diverse dataset, which
means that it learned to perform the OBR task both for ran-
dom and Boolean terms, with high accuracies (92.88% for
the optimal convention, as shown in Table 4).

It should be noted that, although the accuracies for the
random and mixed data sets were comparatively lower than
those of the Boolean datasets, the graphs illustrating their per-
formance present a growing pattern, as illustrated in Figures
3 and 6. This indicates that further training with more epochs
could yield higher accuracies for these datasets.

Analyzing the performance of the models that use differ-
ent conventions in Table 4, we can observe that the tradi-
tional convention consistently outperformed the other two
conventions, which exhibited similar levels of performance.
However, the only training where the convention really made
a difference was in the random dataset, which we saw was
the hardest to learn. We suppose that for the other datasets,
the difference in convention did not matter because it was so
easy for the model to learn that even the “harder” conventions
were not a problem.

We also think that the traditional convention performed
better overall than the other two conventions. This happens
because, for the De Bruijn convention—despite being based
on a simpler notation—the beta reduction is more intricate, and
consequently, harder to learn. Furthermore, when compared
to the random-vars convention, the traditional convention
tends to provide the model with more predictable outcomes.

7.1.2 Multi-Step Beta Reduction

For training of the models for the MBR task, every model
achieved a minimum accuracy of 76.08%. However, when
considering only the best conventions, each model exhibited
an accuracy of at least 82.75%. Furthermore, one model
achieved a very high 97.70% accuracy. These results, which
can be seen in Table 5, emphasize the effectiveness and high
accuracy of the models, especially when using the optimal
conventions, which support hypothesis H2. The similarity
metric for the strings, found in Table 5, again indicates that—
even though the model made incorrect predictions for some
terms—it accurately predicted a significant portion of those
terms, with all similarities no less than 96.49%. Considering
only the best conventions, this number increases to 97.97%.

Furthermore, some models performed exceptionally well,
achieving up to 99.92% for this metric. Again, the models
that did not obtain a good accuracy exhibited very high perfor-
mance in this metric. For example, the model trained with the
mixed dataset, using the random vars convention, obtained
an accuracy of 76.58%. However, the string similarity metric
for the same training was 98.15%. This shows that for this
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Table 6. Accuracy (%) for the evaluation of the models over different datasets, for the task of one-step beta reduction. For each of the
three different conventions (trad, random vars, and De Bruijn), the model trained with each dataset (rows) was evaluated with each dataset
(columns). The last column indicates the average accuracy of the model over the different datasets.

Convention | Lambda Set | random | closed bool | open bool | mixed | AVERAGE
random 88.89 63.69 72.66 80.47 76.43
traditional closed bool 0.00 99.73 7.73 35.92 35.85
open bool 0.04 80.01 98.82 63.79 60.67
mixed 72.26 97.42 99.62 92.88 90.55
random 69.30 22.17 4227 64.65 49.60
random closed bool 0.05 98.10 18.82 39.26 39.06
vars open bool 0.17 77.24 94.88 61.53 58.46
mixed 65.77 83.90 85.92 88.52 81.03
random 67.84 47.15 58.35 61.14 58.62
De Bruijn closed bool 0.00 98.16 10.96 36.87 36.50
open bool 0.01 77.93 97.94 58.59 58.62
mixed 65.70 96.39 98.71 87.93 87.18

Table 7. Accuracy (%) for the evaluation of the models over different datasets, for the task of multi-step beta reduction. For each of the
three different conventions (trad, random vars, and De Bruijn), the model trained with each dataset (rows) was evaluated with each dataset
(columns). The last column indicates the average accuracy of the model over the different datasets.

Convention | Lambda Set | closed bool | open bool | mixed | AVERAGE
closed bool 82.75 15.85 49.66 49.42
traditional | open bool 92.21 97.70 96.86 95.59
mixed 96.20 93.28 97.63 95.70
random closed bool 76.08 24.79 50.98 50.62
vars open bool 75.23 80.92 84.25 80.13
mixed 72.72 50.68 76.58 66.66
closed bool 82.20 20.20 57.83 53.41
De Bruijn open bool 90.02 97.02 95.37 94.14
mixed 88.43 78.64 89.99 85.69

task, the models also got the wrong predictions very close to
the correct ones.

For the closed bool dataset in the MBR task, it is important
to note that the set of possible terms that the model should
predict is small (namely, true and false). For the traditional
convention and, especially, for the random vars convention—
the true and false terms are not always the same term— since
there are many alpha-equivalent terms for #7ue and false using
the English alphabet. But in the DB case, there are only 2
distinct terms for the #rue and false (“L L 2” and “L L 17,
respectively). Thus, one might expect that the closed bool
dataset would be easier to learn since there are only a few
possible terms for the model to predict (only two in the DB
case), while the open bool, on the other hand, had output
terms that differ dramatically from one another.

However, the opposite was actually observed, as we can
see in Figures 7 and 8. The closed bool dataset was found to
be harder to learn than the open bool dataset, with the model
that was trained on it having significantly lower accuracy
than the open bool model, which seems counterintuitive. Our
hypothesis is that, precisely because the terms were so similar
in the closed bool dataset, the model resorted to guessing
the output term from a limited set of possibilities, based on
some features of the inputs, instead of learning to perform the
reductions. But, since this was not possible for the open bool
dataset, the model was forced to actually learn to perform the
multi-step beta reduction on the input terms. The fact that the
closed bool model already starts the training with around 55%

accuracy also corroborates our hypothesis that the model is
learning to guess from a limited set instead of learning the
reductions.

The model trained with the mixed dataset seems to have
overcome this issue, as we can see in Figure 9. Considering
the traditional convention, the accuracy of the model was
similar to the accuracy of the model trained on the open bool
dataset, even with half of its terms having come from the
closed bool dataset. This actually supports our previous hy-
pothesis, since we think that having more variability on the
terms forced the model to learn the reductions instead of only
guessing between a small set of possible outcomes.

For trainings on different conventions, Table 5 shows that
the random vars convention had the worst accuracy for the
three datasets. However, only the models trained on the open
bool and on the mixed datasets presented a large gap between
different conventions. We suppose that the naming conven-
tion did not change the guessing factor on the learning process
for the models that were trained on the closed bool. What is
interesting is that the De Bruijn convention led to accuracies
as good as the traditional convention and significantly better
than the random vars convention for the models trained on
the open bool and closed bool datasets. This was unexpected
since the 3 reduction in the De Bruijn notation is more in-
tricate than in the traditional notation, which the other two
conventions use. For the model trained on the mixed dataset,
the order of the different conventions was more aligned with
the expected, with the traditional being the best convention,
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followed by the other two. However, this result, although
expected, was unusual, as the other models did not follow
this order.

7.2 Evaluations Across Datasets

In this section, we discuss the results of the evaluations in
the datasets presented in Section 6.2. These evaluations can
give us some insight into whether the model really learned
the reductions or whether it just learned the reductions for
that specific set of terms.

7.2.1 One-Step Beta Reduction

Evaluations of this task have yielded promising results, espe-
cially for models trained with the mixed dataset. It produced
better average accuracies for all models in the OBR tasks, as
seen in Table 6. This shows that, as expected, these models
were able to better capture the diversity of terms present in
the different datasets. The models trained with both Boolean
datasets performed poorly for the evaluation with the random
dataset, with accuracies close to 0%, as we can see in Table 6.
We suppose that this happened because the terms in the ran-
dom data set are very distinct from the terms in the Boolean
datasets. Also, since the opposite did not happen, we think
that the random dataset contains terms that are actually harder
to learn, as we presumed in the previous section.

As expected, almost every model had better accuracy in the
evaluation with the dataset in which it was trained than with
the others, as shown in Table 6. But one result that may be
seen as counterintuitive is the evaluation of the model trained
with the mixed dataset. It had better accuracy for the open
bool and closed bool datasets for the traditional and De Bruijn
conventions. We again suppose that this happened because
the random dataset is the hardest to learn. Thus, since the
mixed dataset has 1/3 of its terms from the random dataset,
it ends up being harder than the closed bool and open bool
datasets. So, it ends up evaluating those two datasets better
than the dataset it was trained with, which contains terms
from the random dataset.

Another interesting result is that the model trained on the
open bool dataset was able to extrapolate and obtain good
accuracies for the evaluation of the closed bool dataset, with
a minimum accuracy of 77.24%, but the opposite did not
happen, with accuracies as low as 7.73%, as we can see in
Table 6. Aside from what was mentioned, the different
conventions did not present a significant difference between
the evaluations.

7.2.2 Multi-Step Beta Reduction

The evaluations for this task have again yielded good results,
particularly for the models trained with the open bool dataset.
As shown in Table 7, the use of the open bool dataset led to
better average accuracies for almost all models in the MBR
task.

Table 7 shows that, as expected, the majority of models
performed better in the evaluations using the dataset they
were trained on, as opposed to the other datasets. However,
the model trained with the open bool dataset had accuracies
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quite close to one another for the three datasets evaluated. In
fact, it presented better accuracy for the mixed dataset than
for the dataset on which it was trained. We presume that
this happened because the model trained with the open bool
dataset was able to generalize better than the others.

Again, the models trained with the closed bool did not ex-
trapolate and obtained good accuracies for the other datasets,
especially the closed bool, with accuracies as low as 15.85%,
as seen in Table 7. But the opposite happened, with the open
bool models getting a minimum of 75.23% of accuracy for
the closed bool dataset. We think that this happened for the
same reason discussed in Section 7.1.2, which is that the
model trained on the closed bool dataset just learned to guess
the output from a limited set of possible terms, not actually
learning the S-reduction. Apart from what was stated, the
different conventions did not present any main differences
between the evaluations.

8 Conclusions and Further Work

In this work, we carried out an experimental analysis aiming
at demonstrating that the Transformer model is capable of
capturing the syntactic and semantic features and learning to
compute the A-calculus reductions. The results obtained were
positive, with overall good accuracy for both tasks at hand.
For the One-Step Beta Reduction, we obtained accuracies up
to 99.73%, and string similarity metric of over 99.99%. For
the Multi-Step Beta Reduction, we obtained accuracies of up
to 97.70%, and string similarity metric exceeding 99.90%.
In addition, the models displayed promising generalization
performance across different datasets.

Due to limitations of hardware and time, our models were
trained for just 50 epochs. Considering that it is a low num-
ber compared with substantial trainings of large models and
that we did not aim for optimal hyperparameters, we can con-
jecture that the accuracy of our models can be even higher
than what was presented here. Addressing the technologi-
cal limitations of our work would provide a way for further
advancements.

These results illustrate the effectiveness of the model in
learning the desired tasks and support the two hypotheses
raised in this study and, subsequently, the proposed research
question. In addition, these results showed that the Trans-
former self-attention mechanism is well-suited for capturing
the dependencies between variables and functions in the \-
Calculus.

We believe that the methods and experiments presented in
this work have yielded some significant avenues for future
research. The main contributions resulting from this research
can be summarized as follows.

* MA-calculus learning: The outcomes from learning \-
calculus reductions are promising and hold potential
implications for future research in the field of Al and
computer programs.

+ Dataset generation: Since datasets for A terms and re-
ductions did not exist, we implemented the generation
of these datasets from scratch. These datasets and gen-
eration methods can be used in future research in the
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domain of neurosymbolic approaches to learn and com-
pute A-calculi.

 Functional programming learning: The results obtained
in this study can be taken into account to consider not
only imperative, but also functional programming when
researching in the field of learning to compute programs.

Our main contribution is the proposal of a novel approach
for a neural \-calculus, illustrated through experiments that
demonstrate its potential in Al and programming languages
research. Furthermore, although our research was limited
to one formalism, the A-calculus, this opens the possibility
of further analyzes of other computational calculi. Future
research directions include:

1. Further learning experiments: The current study trained
the model for a limited number of epochs. Further research
could aim to train the best notation for more epochs to see if
performance can be improved.

2. Hyperparameter optimization: The study used a set of
predefined hyperparameters for the transformer model. A
thorough search for the optimal hyperparameters could be
conducted to find the best set of hyperparameters for learning
A- calculus computations.

3. Improved error analysis: The study provided a preliminary
error analysis, but more work could aim to conduct a more in-
depth error analysis to better understand the types of mistakes
the model is making and to identify areas for improvement.
4. Incorporating other formalisms: This study focused on
learning lambda calculus, but there are other formalisms, such
as Combinatorial Logic and Turing Machines, that could be
trained by the model and compared with the current work.

5. Solve typing problems: Learn how to solve some typ-
ing problems (well-typedness, type assignment, type check-
ing, and type inhabitation [Pierce, 2002]) that can be uncom-
putable for some typed A-calculi.

6. Learn more complex versions of the A-Calculus: extend
the current approach to the typed A-calculus, with numbers
and arithmetical and Boolean operations already embedded.
7. Learn to compute a functional programming language:
train the model on a functional programming language based
on the A-Calculus, e.g., Haskell or Lisp [Thompson, 2011].
8. Learn to detect loops: Use the same methods for training
to identify whether a A-term does has no normal form, i.e., if
it will enter an infinite loop when applying the reductions.
9. Since the #typed A-calculus is related to intuitionistic logics
via the Curry-Howard isomorphism Cardone and Hindley
[2006], investigating the learnability of typed calculi and the
underlying intuitionistic logic [Garcez et al., 2006] is a natu-
ral sequence of this work.

10. A further promising direction is to extend the learnability
analysis of Nicolau et al. [2025], who studied the learnabil-
ity of Boolean functions on deep neural networks, to the A-
calculus setting explored here. Understanding the learnability
of A-calculus reductions from a formal theoretical perspec-
tive would complement the empirical results presented in this
work.

These directions have the potential to advance the devel-
opment of neurosymbolic models for integrated symbolic
learning, as well as functional programming languages. In
summary, the development of neural A-calculi can contribute
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to a deeper understanding of the underlying computational
processes in Artificial Intelligence, Machine Learning, and
Computer Science.

Declarations

Funding

This research was supported in part by the CAPES Foundation (Fi-
nance Code 001) and the Brazilian Research Council CNPq.

Authors’ Contributions

Luis Lamb and Jodo Flach contributed to this work in the concep-
tualization of the study. Jodo Flach performed the experiments.
Alvaro Moreira contributed to the aspects of lambda calculus. All
authors contributed to the writing and revision. All authors read and
approved the final manuscript.

Competing interests

The authors declare that they have no competing interests.

Availability of data and materials

The repository for the code generated during the current study is
available athttps://github. com/jmflach/SymbolicLambda

References

Arabshahi, F., Singh, S., and Anandkumar, A. (2018). Com-
bining symbolic expressions and black-box function eval-
uations in neural programs. In 6th International Con-
ference on Learning Representations, ICLR 2018. DOI:
10.48550/arxiv.1801.04342.

Barendregt, H. (1984). The Lambda Calculus: Its Syntax
and Semantics. North-Holland Linguistic Series. North-
Holland. DOI: 10.1016/¢2009-0-14341-6.

Besold, T. R., Garcez, A. d., Bader, S., Bowman, H., Domin-
gos, P., Hitzler, P., Kithnberger, K.-U., Lamb, L. C., Lowd,
D., Lima, P. M. V., ef al. (2022). Neural-symbolic Learn-
ing and Reasoning: A survey and interpretation. Neuro-
Symbolic Artificial Intelligence: The State of the Art. DOI:
http://dx.doi.org/10.3233/FAIA210348.

Brown, T., Mann, B., Ryder, N., Subbiah, M., Kaplan, J. D.,
Dhariwal, P., Neelakantan, A., Shyam, P., Sastry, G.,
Askell, A., et al. (2020). Language models are few-shot
learners. Advances in neural information processing sys-
tems, 33:1877-1901. DOI: 10.48550/arxiv.2005.14165.

Cardone, F. and Hindley, J. R. (2006).  History of
lambda-calculus and combinatory logic. Hand-
book of the History of Logic, 5:723-817. Available

atthttps://www.researchgate.net/publication/
228386842_History_of_lambda-calculus_and_
combinatory_logic.

Cho, K., van Merrienboer, B., Bahdanau, D., and Bengio, Y.
(2014). On the properties of neural machine translation:
Encoder-decoder approaches. DOI: 10.3115/v1/w14-4012.


https://github.com/jmflach/SymbolicLambda
https://doi.org/10.48550/arxiv.1801.04342
https://doi.org/10.1016/c2009-0-14341-6
https://doi.org/http://dx.doi.org/10.3233/FAIA210348
https://doi.org/10.48550/arxiv.2005.14165
https://www.researchgate.net/publication/228386842_History_of_lambda-calculus_and_combinatory_logic
https://www.researchgate.net/publication/228386842_History_of_lambda-calculus_and_combinatory_logic
https://www.researchgate.net/publication/228386842_History_of_lambda-calculus_and_combinatory_logic
https://doi.org/10.3115/v1/w14-4012

Towards a Neural Lambda Calculus: Neurosymbolic AI Applied to the
Foundations of Functional Programming

Church, A. (1936). An unsolvable problem of elemen-
tary number theory. American Journal of Mathematics,
58(2):345-363. DOI: 10.2307/2371045.

d’Avila Garcez, A. S., Lamb, L. C., and Gabbay, D. (2009).
Neural-Symbolic Cognitive Reasoning. Springer, Berlin.
DOI: 10.1007/978-3-540-73246-4.

de Bruijn, N. (1972). Lambda calculus notation with name-
less dummies, a tool for automatic formula manipulation,
with application to the church-rosser theorem. Indaga-
tiones Mathematicae (Proceedings), 75(5):381-392. DOI:
10.1016/1385-7258(72)90034-0.

De Raedt, L., Kersting, K., Natarajan, S., and Poole, D. (2016).
Statistical Relational Artificial Intelligence: Logic, Proba-
bility, and Computation. Synthesis Lectures on Artificial In-
telligence and Machine Learning. Morgan & Claypool Pub-
lishers. DOI: 10.2200/S00692ED1V01Y201601 AIM032.

Dietterich, T. G. (2017). Steps toward robust arti-
ficial intelligence. Al Magazine, 38(3):3-24. DOI:
10.1609/aimag.v38i3.2756.

Garcez, A. d. and Lamb, L. C. (2023). Neurosymbolic Al:
The 3rd Wave. Artificial Intelligence Review, pages 1-20.
DOI: 10.1007/s10462-023-10448-w.

Garcez, A. S. d., Lamb, L. C., and Gabbay, D. M.
(2006). Connectionist computations of intuitionistic rea-
soning. Theoretical Computer Science, 358(1):34-55. DOI:
10.1016/j.tcs.2005.11.043.

Gaur, M. and Sheth, A. P. (2024). Building trustworthy
neurosymbolic Al systems: Consistency, reliability, ex-
plainability, and safety. A/ Mag., 45(1):139-155. DOI:
10.1002/AAAI.12149.

Graves, A., Wayne, G., and Danihelka, 1. (2014). Neural
Turing machines. arXiv preprint arXiv:1410.5401. DOI:
10.48550/arXiv.1410.5401.

Hinton, G. (2025). Nobel lecture: Boltzmann ma-
chines. Reviews of Modern Physics, 97(3):030502. DOI:
10.1103/RevModPhys.97.030502.

Kaiser, L. and Sutskever, I. (2015). Neural gpus learn
algorithms.  arXiv preprint arXiv:1511.08228. DOI:
10.48550/arXiv.1511.08228.

Kautz, H. (2022). The Third AI Summer: AAAI Robert
Engelmore memorial lecture. 41 Magazine, 43(1):105—-125.
DOI: 10.1002/aaai.12036.

Kingma, D. P. and Ba, J. (2014). Adam: A method for
stochastic optimization. arXiv preprint arXiv.:1412.6980.
DOI: 10.48550/arXiv.1412.6980.

Lample, G. and Charton, F. (2019). Deep learning for sym-
bolic mathematics. arXiv preprint arxiv:1912.01412. DOI:
10.48550/arXiv.1912.01412.

LeCun, Y., Bengio, Y., and Hinton, G. (2015). Deep learning.
Nature, 521(7553):436. DOI: 10.1038/nature14539.

Levenshtein, V. (1966). Binary codes capable of correcting
deletions, insertions, and reversals. Soviet physics dok-
lady, 10(8):707-710. Available athttps://nymity.ch/
sybilhunting/pdf/Levenshteinl1966a.pdf.

Li, Z., Liu, H., Zhou, D., and Ma, T. (2024). Chain of thought
empowers transformers to solve inherently serial problems.
In The Twelfth International Conference on Learning Rep-
resentations. DOI: 10.48550/arXiv.2402.12875.

Flach et al. 2026

Lipton, Z. C., Berkowitz, J., and Elkan, C. (2015). A
critical review of recurrent neural networks for se-
quence learning. arXiv preprint arXiv:1506.00019. DOI:
10.48550/arxiv.1506.00019.

Liu, B., Ash, J. T., Goel, S., Krishnamurthy, A., and Zhang,
C. (2023). Transformers learn shortcuts to automata. In
The Eleventh International Conference on Learning Rep-
resentations. DOI: 10.48550/arXiv.2210.10749.

Maddison, C. and Tarlow, D. (2014). Structured generative
models of natural source code. In International Confer-
ence on Machine Learning, pages 649-657. PMLR. DOI:
10.48550/arxiv.1401.0514.

Marcus, G. and Davis, E. (2019). Rebooting Al: Building
artificial intelligence we can trust. Vintage. Book.

Michaelson, G. (2011). An Introduction to Functional Pro-
gramming Through Lambda Calculus. Dover books on
mathematics. Dover Publications. Book.

Mou, L., Li, G, Liu, Y., Peng, H., Jin, Z., Xu, Y., and
Zhang, L. (2014). Building program vector representa-
tions for deep learning. arXiv preprint arXiv:1409.3358.
DOI: 10.1007/978-3-319-25159-249.

Nicolau, M., Tavares, A. R., Zhang, Z., Avelar, P. H. C,,
Flach, J. M., Lamb, L. C., and Vardi, M. Y. (2025). Un-
derstanding boolean function learnability on deep neu-
ral networks: PAC learning meets neurosymbolic mod-
els. In Proceedings of The 19th International Confer-
ence on Neurosymbolic Learning and Reasoning NeSy
2025, PMLR, volume 284, pages 719-735. Available
athttps://proceedings.mlr.press/v284/.

Peng, B., Narayanan, S., and Papadimitriou, C. (2024).
On limitations of the transformer architecture. In
First Conference on Language Modeling. DOI:
10.48550/arXiv.2402.08164.

Pierce, B. C. (2002). Types and programming languages.
MIT press. Book.

Roose, K. (2022). The brilliance and weirdness
of chatgpt. The New York Times. Available
athttps://www.nytimes.com/2022/12/05/
technology/chatgpt-ai-twitter.html.

Rumelhart, D. E. and McClelland, J. L. (1986). Parallel Dis-
tributed Processing: Explorations in the Microstructure
of Cognition, Vol. 1: Foundations. MIT Press. Book.

Russell, S. and Norvig, P. (2021). Artificial Intelligence A
Modern Approach. DOL: 10.5555/773294.

Sutskever, ., Vinyals, O., and Le, Q. V. (2014). Sequence to
sequence learning with neural networks. Advances in Neu-
ral Information Processing Systems, 4:3104-3112. DOLI:
10.48550/arXiv.1409.3215.

Thompson, S. (2011). Haskell: the craft of functional pro-
gramming. Addison-Wesley. Book.

Trask, A., Hill, F., Reed, S. E., Rae, J., Dyer, C., and
Blunsom, P. (2018). Neural arithmetic logic units. Ad-
vances in neural information processing systems, 31. DOI:
10.48550/arXiv.1808.00508.

Valiant, L. (2018). What needs to be added to machine
learning?  In Proceedings of ACM Turing Celebra-
tion Conference - China, TURC ’18, page 6, New York,
NY, USA. Association for Computing Machinery. DOI:
10.1145/3210713.3210716.


https://doi.org/10.2307/2371045
https://doi.org/10.1007/978-3-540-73246-4
https://doi.org/10.1016/1385-7258(72)90034-0
https://doi.org/10.2200/S00692ED1V01Y201601AIM032
https://doi.org/10.1609/aimag.v38i3.2756
https://doi.org/10.1007/s10462-023-10448-w
https://doi.org/10.1016/j.tcs.2005.11.043
https://doi.org/10.1002/AAAI.12149
https://doi.org/10.48550/arXiv.1410.5401
https://doi.org/10.1103/RevModPhys.97.030502
https://doi.org/10.48550/arXiv.1511.08228
https://doi.org/10.1002/aaai.12036
https://doi.org/10.48550/arXiv.1412.6980
https://doi.org/10.48550/arXiv.1912.01412
https://doi.org/10.1038/nature14539
https://nymity.ch/sybilhunting/pdf/Levenshtein1966a.pdf
https://nymity.ch/sybilhunting/pdf/Levenshtein1966a.pdf
https://doi.org/10.48550/arXiv.2402.12875
https://doi.org/10.48550/arxiv.1506.00019
https://doi.org/10.48550/arXiv.2210.10749
https://doi.org/10.48550/arxiv.1401.0514
https://doi.org/10.1007/978-3-319-25159-2_49
https://proceedings.mlr.press/v284/
https://doi.org/10.48550/arXiv.2402.08164
https://www.nytimes.com/2022/12/05/technology/chatgpt-ai-twitter.html
https://www.nytimes.com/2022/12/05/technology/chatgpt-ai-twitter.html
https://doi.org/10.5555/773294
https://doi.org/10.48550/arXiv.1409.3215
https://doi.org/10.48550/arXiv.1808.00508
https://doi.org/10.1145/3210713.3210716

Towards a Neural Lambda Calculus: Neurosymbolic AI Applied to the
Foundations of Functional Programming

Valiant, L. G. (2003). Three problems in computer science.

J. ACM, 50(1):96-99. DOI: 10.1145/602382.602410.
Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones,

L., Gomez, A. N., Kaiser, L., and Polosukhin, I. (2017).

Attention is all you need. Advances in neural information

processing systems, 30. DOI: 10.48550/arXiv.1706.03762.

Zaremba, W. and Sutskever, 1. (2014). Learning
to execute.  arXiv preprint arXiv:1410.4615. DOI:
10.48550/arXiv.1410.4615.

Zhang, H., Li, L. H., Meng, T., Chang, K.-W., and Van
Den Broeck, G. (2023). On the paradox of learning to
reason from data. In Proceedings of the Thirty-Second

International Joint Conference on Artificial Intelligence,
IJCAI’23. DOI: 10.24963/ijcai.2023/375.

Flach et al. 2026


https://doi.org/10.1145/602382.602410
https://doi.org/10.48550/arXiv.1706.03762
https://doi.org/10.48550/arXiv.1410.4615
https://doi.org/10.24963/ijcai.2023/375

	Introduction
	Related Work
	The Lambda Calculus: A Summary
	Syntax
	Reductions
	Encodings and Computations
	Prefix Notation
	De Bruijn Indices

	Neural Networks and Neurosymbolic AI
	Building Experiments
	On Training
	Experimental Setting

	Lambda Sets and Datasets
	Term Sizes
	Number of Reductions

	Code and Implementation
	Accuracy and Similarity

	Experimental Results
	Training Results
	Evaluation Across Datasets

	Analysis of Results
	Training
	One-Step Beta Reduction
	Multi-Step Beta Reduction

	Evaluations Across Datasets
	One-Step Beta Reduction
	Multi-Step Beta Reduction


	Conclusions and Further Work

