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1 Introduction

Transparent management of public resources is essential to
ensure the efficiency and integrity of government administra-
tion. In Brazil, Federal Law No. 12.527/11,! known as the
“Access to Information Law”, establishes that data on public
expenditures must be accessible to citizens, enabling the mon-
itoring of resource allocation. However, the large volume and
complexity of these records pose significant challenges for
identifying irregularities, such as unjustified expenditures and
overpriced contracts [Silva et al., 2023].

Analyzing the temporal evolution of public expenditures
is fundamental for detecting deviations that may indicate ir-
regularities, with time series analysis playing a central role
in this process. In this context, anomaly detection techniques
have emerged as a promising approach for identifying unusual
patterns [Darban et al., 2024]. In the domain of public ex-
penditures, such anomalies may correspond to administrative
inconsistencies or potential fraud. Nevertheless, this analy-
sis remains challenging due to the high data volume and the
heterogeneity of spending patterns across cities and budget
functions. Traditional audit methods, which rely primarily on
manual inspection, are insufficient to handle this scale, mo-
tivating the adoption of automated approaches for detecting
potential anomalies [Gomide et al., 2023].

In this context, we propose a unified approach for detect-
ing and analyzing anomalies in municipal public expenditure
time series. The proposed framework integrates statistical,
machine learning, and probabilistic techniques to identify
anomalous patterns and rank expenditures based on both their

"Law No. 12,527/11: https://www.planalto.gov.br/ccivil_0
3/_ato02011-2014/2011/1ei/112527 .htm. Accessed on 18 May 2026.

frequency of occurrence and monetary impact. The detected
anomalies are interpreted as statistical alerts of potential ir-
regularities, supporting the prioritization of cases and guiding
human audit efforts more effectively.

This work extends our previous work published at the
13th Latin American Symposium on Digital Government [Du-
tra et al., 2025]. The original approach focused on anomaly
detection at the expenditure function level of the Brazilian
budget classification system. In this extended version, we
advance the analysis to a finer level of granularity by applying
the same methodology to expenditure subfunctions.

In the Brazilian public budget framework, an expendi-
ture function represents a broad policy domain to which pub-
lic resources are allocated, while a subfunction provides a
more detailed specification within that domain [Brazil, 2025].
These classifications act as hierarchical aggregators of ex-
penditure types, enabling both comparative and longitudinal
analyses of municipal spending. Table 1 presents examples of
expenditure functions and their corresponding subfunctions.

This finer-grained perspective enables a more precise
analysis of spending dynamics and increases the ability to
identify irregularities that may be obscured at higher levels of
aggregation. While function-level analysis may dilute anoma-
lies across broad categories, subfunction-level analysis allows
the identification of localized irregularities within specific
administrative processes. In light of these aspects, our main
contributions are:

* We formally define a data-driven methodology for detect-
ing statistical anomalies in city expenditure time series
structured according to the Brazilian public budget clas-
sification system.

* We extend prior work by introducing a finer-grained


https://portal.issn.org/resource/ISSN/2763-7719
https://doi.org/10.5753/jis.2026.7072
https://orcid.org/0009-0000-3865-5799
mailto:marco.dutra@aluno.ufop.edu.br
https://orcid.org/0009-0002-8898-4237
mailto:lucas-lage@ufmg.br
https://orcid.org/0000-0002-7210-6408
mailto:gabrielpoliveira@dcc.ufmg.br
https://orcid.org/0000-0003-0110-9924
mailto:mariana.santos@dcc.ufmg.br
https://orcid.org/0000-0002-0349-4494
mailto:glpappa@dcc.ufmg.br
https://orcid.org/0000-0002-2159-339X
https://www.planalto.gov.br/ccivil_03/_ato2011-2014/2011/lei/l12527.htm
https://www.planalto.gov.br/ccivil_03/_ato2011-2014/2011/lei/l12527.htm

Detecting and Analyzing Anomalies in City Expenditure Time Series

analysis at the subfunction level, enabling the identifica-
tion of irregularities that may remain hidden at higher
aggregation levels.

* We propose a ranking mechanism designed to support
audit prioritization by combining anomaly frequency
and financial impact.

The remainder of this work is structured as follows. Sec-
tion 2 reviews related work on anomaly detection and pub-
lic expenditure auditing. Section 3 describes the proposed
methodology and the anomaly detection and ranking pro-
cesses. Section 4 presents the experimental results using
expenditure data from cities in the State of Minas Gerais.
Section 5 introduces the extended analysis at the subfunction
level. Section 6 presents a real-world case study illustrating
the behavior of the proposed framework. Finally, Section
7 discusses the conclusions, limitations, and directions for
future work.

2 Related Work

Combating fraud in the public sector is a global priority, as
it is essential for ensuring the integrity and accountability
of government institutions [Silva er al., 2020]. A common
challenge in this domain is the need to process large volumes
of heterogeneous data, which has motivated the adoption of ar-
tificial intelligence and machine learning techniques for fraud
detection and audit support [Mongwe et al., 2020; Handoko
et al., 2022]. In the Brazilian context, recent studies have
investigated fraud detection procedures and the impact of
technological solutions on anti-fraud awareness in the public
sector [Silva et al., 2020].

In the global context, recent studies have explored
anomaly detection in audit analytics using large-scale public
expenditure data, demonstrating the effectiveness of combin-
ing multiple unsupervised methods in governmental scenar-
ios [Li et al., 2025]. Systematic reviews indicate that the
adoption of fraud analytics varies significantly across coun-
tries, highlighting the need for approaches that generalize
beyond specific institutional settings [Alfian et al., 2023]. A
central challenge in this domain is the scarcity of labeled
data, which limits the applicability of supervised approaches
[Schneider dos Santos et al., 2025]. In addition, anomaly
detection systems often generate a large number of alerts,
requiring prioritization mechanisms to support practical au-
diting workflows and mitigate alert fatigue [No et al., 2019].
More recently, advances in explainable artificial intelligence
have emphasized the importance of interpretability in fraud
detection systems, although challenges remain in evaluating
the usefulness of explanations for decision-making [Zafar and
Wu, 2026].

In the context of monitoring municipal expenditures, the
literature presents several works focused on identifying ir-
regularities in public procurement and government spending.
For instance, Braz et al. [2023, 2024] proposed methodolo-
gies to analyze irregularities in public tenders, focusing on
small businesses, including checks on revenue limits and de-
tection of links between legal entities. Similarly, Oliveira et al.
[2023b] introduced a set of 19 audit trails to identify different
types of fraud and irregularities in procurement processes.
Furthermore, Silva et al. [2023, 2024] proposed a framework
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for disambiguating bid items and statistical analyses to de-
tect overpricing. Along the same line, Costa et al. [2024]
developed a query system for public procurement items with
a focus on overpricing detection.

Specifically in detecting anomalies in city expenditures,
Gomide et al. [2023] proposed a heuristic based on data min-
ing to identify cities whose expenditures are significantly
above the average of cities with similar characteristics. This
approach groups cities based on population ranges from the
2010 Census? and their geographic location, allowing the de-
tection of suspicious public spending patterns. Additionally,
Oliveira et al. [2023a] proposed methods to assess the quality
of municipal public revenue and procurement data.

Regarding time series analysis, different approaches have
been explored for anomaly detection. Mendes et al. [2023] ap-
plied the Soft-DTW k-means algorithm to cluster time series
of revenue from companies whose partners made donations
to political campaigns, identifying potential favoritism in ten-
der processes. Bldzquez-Garcia et al. [2021] conducted a
comprehensive review of anomaly detection in time series,
focusing on unsupervised methods. In the context of time
series forecasting, Oliveira et al. [2024] investigated the use
of machine learning to predict hotel room prices, analyzing
the efficiency of different methods.

More recently, Darban er al. [2024] presented a system-
atic review of advanced deep learning techniques applied to
anomaly detection in time series. The study presents a tax-
onomy based on the detection strategies used, as well as the
deep learning models employed. This review highlights the
importance of combining different techniques to improve the
identification of atypical patterns in complex time series.

Based on these studies, this work proposes a hybrid ap-
proach for detecting anomalies in time series of city expendi-
tures, combining statistical methods, machine learning, and
probabilistic techniques. The proposed methodology not only
identifies anomalies but also prioritizes them using a ranking,
allowing for more targeted auditing.

3 Methodology

In this section, we present the methodology adopted to evalu-
ate the performance of different anomaly detection methods
in time series. The objective is to identify the most anoma-
lous cases in the temporal data by applying different anomaly
detection techniques. Finally, the results from each method
are aggregated and ranked to identify the most critical cases.
The approach follows three main stages illustrated in Figure 1:
data modeling (Section 3.1), anomaly detection in time series
(Section 3.2), ranking of results (Section 3.3) and suitability
analysis of the anomaly detection methods (Section 3.4).

3.1 Data Modeling

In the Brazilian public budget framework, a budget allocation
refers to the amount authorized for specific public expendi-
tures, whose existence is mandatory for any payment.® Bud-
get allocations are structured according to four classification
dimensions: institutional, functional, by nature of the expendi-

22010 Census - IBGE: https://censo02010.ibge.gov.br/. Ac-
cessed on 18 May 2026.

3https://wwwl2.senado.leg.br/manualdecomunicacao/guia
-de-economia/dotacao-orcamentaria. Accessed on 18 May 2026.
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Table 1. Examples of expenditure functions and their three most common subfunctions.

Government  Most Common Subactions Government  Most Common Subactions
Function Function
Administration Maintenance of Public Assets and Infrastructure Agriculture Maintenance of the Agriculture and Livestock
Procedural Management of Legal Affairs Coordination Office
Strategic Direction of Municipal Policy Maintenance of the Municipal Department of
Agriculture and Livestock
Maintenance of Agricultural Mechanization Activities
Culture Administrative and Infrastructure Management of the | Education Administration of Elementary Education
Department Personnel Management
Maintenance of Cultural Promotion Activities Maintenance of Basic Education Activities
Infrastructure Management
Health Human Resources Management Housing Technical and Support Services
Technical and Hospital Management Participatory Budget Housing Projects
Primary Health Care Services Other Interventions in Informal Settlements
Judiciary Administrative Management Urban Strategic Urban Policy Management
Payroll Management Development  Execution of Urban Planning and Policy Management

Court Costs and Judicial Sentences

Administrative Management and Maintenance of the
Department of Public Works and Urban Development

— NE —

Data
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Public
expenditure

Q
Anomaly
detection

Wil
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Figure 1. Overview of anomaly detection in expenditure time series.

ture, and by source of resources. In this work, we focus on the
functional classification, in which expenditures are grouped
according to their associated policy domain. Each function
represents the institutional mission of a government body,
such as education, health, culture, transport, and citizens’
rights.

Thus, the proposed modeling is grounded in set theory
and relies on four fundamental sets representing the key en-
tities of interest: Public Expenditure (D), Month (M), City
(C), and Function (F).

* D = {d | d € Public Expenditure}: represents all pub-
lic expenditures;

o M ={m | m € Months}: set of all months;

C = {c | c € City}: set of all analyzed cities;

F = {f| f € Function}: set of all functions of the

budget allocation.

L]

Furthermore, each public expenditure d has the following
attributes:

d[m] € M: Month of the public expenditure;
* d[c] € C": City of the public expenditure;
* d[f] € F": Function of the public expenditure;
d[v] € RT: Value of the public expenditure.

In this work, a time series of public expenditures cor-
responds to a sequence, ordered over time, of the val-
ues of these expenditures. Since each expenditure is as-
sociated with a specific city and function, there is one

time series for each city-function pair, defined as S. 5 =
ord,, {d € D | d[c] = ¢ Ad[f] = f}), where the function
ord,, returns the sequence of expenditures ordered increas-
ingly by the month attribute. Thus, the complete set of time
series can be formally definedas S = {S. s | c€ C, f € F'}.

3.2 Anomaly Detection

Time series anomaly detection methods aim to identify pat-
terns or atypical values that deviate from the expected behav-
ior [Darban et al., 2024]. Each anomaly detection method
(md,) is associated with a value function (fv,(d)) and a
threshold function (fI,(D,...)). The value function calcu-
lates a specific metric for each item d in the time series, and
the threshold function defines a maximum or minimum limit
to determine if an item is anomalous. The value function is
always applied individually to each item d, while the thresh-
old function can take into account a broader context, such as
the entire series or multiple time series.

An expenditure d is considered an anomaly for a method
md, if the result of its value function exceeds the result of the
threshold, i.e., d € A, <= fuv,(d) > fl.(D,...), where
A, is the set of anomalies identified by md,,.

For the proposed approach, we use nine anomaly detec-
tion methods, categorized into four main groups: Statistical,
Learning, Clustering, and Probabilistic. Table 2 presents
the nine anomaly detection methods considered in this work,
along with the formal definitions of the value function and
the threshold function for each one. Then, each method is
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described in detail, highlighting its main characteristics and
advantages, as well as its value and threshold functions.

Z-Score (ZSC). Z-Score is a statistical method that calculates
the distance between a value and the mean in terms of standard
deviations. This method is very simple, sensitive to outliers,
and not effective for non-normal data. In this methodology,
values with a Z-Score greater than 3 are considered anomalies.
Therefore, the value function (fv1 (d)) is the expenditure value
itself (d[v]). And there is a threshold for each function - month
pair (f,m), thus, the threshold function (fI;(D, f,m)) is
calculated considering a subset of all expenditures of the same
function and month (Df™ C D). Therefore, the threshold
function is the mean of the values of the elements in the
subset (u(Df™[v])), plus 3 times the standard deviation of
the values of the elements in the subset (o(D¥™[v])). In
other words, the data is grouped by function and month, and
records with a Z-Score greater than 3 within each group are
considered anomalies.

Interquartile Range (IQR). The IQR is defined as the differ-
ence between the third quartile (Q3) and the first quartile (Q1).
This method uses this difference to detect anomalies. It is
more robust than Z-Score because it is not affected by outliers.
As with the Z-Score method, the value function (fvy(d)) is
the expenditure value itself, i.e., the element of the time series
(d[v]). And there is a threshold for each function - month
pair (f,m). Thus, the threshold function (fl2(D, f,m)) is
calculated considering a subset of all expenditures of the same
function and month (D¥™ < D). Therefore, the threshold
function is the third quartile of the values of the elements
in the subset (¢3 (Df’m[v])), plus 1.5 times the IQR of the
values of the elements in the subset (igr (D™ [v])).

Seasonal Decomposition Using Moving Averages (SDMA)
[Hyndman and Athanasopoulos, 2021, Chapter 6]. This
method uses seasonal decomposition on the data series to de-
compose the series into trend, seasonality, and residuals, and
then applies moving averages to the residuals to detect anoma-
lies. It is efficient for data with strong trends and seasonality.
In this methodology, only records classified as residuals are
considered in anomaly detection. Therefore, the value func-
tion (fv3(d)) is the function rd(d[v]) which returns the value
of d[v] itself if it is considered a residual, or returns zero
otherwise. And there is a threshold per time series, i.e., for
each city - function pair (c, f). Thus, the threshold function
(fls(D, ¢, f)) is calculated considering a subset of all expen-
ditures of the same city and function (D/ C D). Therefore,
the threshold function is the mean of the residual values of
the elements in the subset (11 (rd (D%/[v]))) plus 3 times the
standard deviation of the residual values of the elements in
the subset (o (rd (D% [v]))).

Level Shift Anomaly Detection (LSAD) [Hethu Avinash
etal.,2024]. This method detects anomalies using a technique
to detect abrupt changes in a time series. These changes
occur when there is a sudden and significant change in the
average value of the time series. The time series is divided
into sliding windows, which are consecutive and overlapping
time intervals. Each window (w) has a fixed size, defined
by the user. The anomaly calculation is done by aggregating
the values within each window. Thus, the value function
(fva(d)) is the expenditure value itself (d[v]), and there is a
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threshold for each window of each time series, i.e., a threshold
for each window - city - function trio (w, ¢, f). Thus, the
threshold function (fl4(D, w, ¢, f)) is calculated considering
a subset of all expenditures of the same window, city, and
function (D¥“f C D). Therefore, the threshold function is
the third quartile of the values of the elements in the subset
(g3 (D" [v])) plus 1.5 times the IQR of the values of the
elements in this subset (igr (D" [v])).

Isolation Forest (ISF) [Liu et al., 2008]. This method uses
isolation trees to detect anomalies. Each tree is trained to
isolate a data instance, and instances that are isolated more
frequently are considered anomalies. The number of splits
required to isolate an anomaly determines the path length
(ce) to the leaf node of the instance. The anomaly calcula-
tion is done by comparing the expected path length for an
instance (cce), with the average path length across all isola-
tion trees (i (cc)). Thus, the value function (fvs(d)) is the
expected path length for the expenditure (cce(d[v])). And
there is a threshold for each time series, i.e., a threshold for
each city - function pair (c, f). Therefore, the threshold func-
tion (fl5(D, ¢, f)) is calculated considering a subset of all
expenditures of the same city and function (D*/ C D). Thus,
the threshold function is the average path length across all
isolation trees (1 (cc (D [v]))).

Long Short-Term Memory (LSTM) [Malhotra et al., 2015].
LSTM is a type of recurrent neural network capable of learn-
ing complex patterns in time series. The LSTM is trained
to predict the next value in a time series, and the prediction
error (ep) is used in the anomaly detection calculation. The
idea is that the model learns the pattern and tries to predict
the value following this pattern. If the actual value is too far
from the predicted value, it may indicate an anomaly. There-
fore, the value function (fvg(d)) is the prediction error of
the expenditure value (ep(d[v])). And there is a threshold
for each time series, i.e., a threshold for each city - function
pair (¢, f). Thus, the threshold function (fls(D, ¢, f)) is cal-
culated considering a subset of all expenditures of the same
city and function (D C D). Therefore, the threshold func-
tion is the mean of the prediction errors of the values of the
elements in the subset (1 (ep (D [v]))) plus 3 times the
standard deviation of the prediction errors of the values of the
elements in the subset (o (ep (DY [v]))).

Local Outlier Factor (LOF) [Breunig et al., 2000]. LOF is
a method that calculates the local density of each data point
and compares it with the local density of its neighbors. The
anomaly calculation is done by calculating the local density
(Ird) of each data point, and those with a lrd lower than their
neighbors are considered anomalies. Therefore, the value
function (fv7(d)) is the opposite of the local density of the
expenditure value (—Ird(d[v])). And there is a threshold for
each expenditure of each time series, i.e., a threshold for
each expenditure - city - function trio (d, ¢, f). Therefore,
the threshold function (fi7(D,d, c, f)) is calculated consid-
ering a subset of all expenditures that are neighbors of an-
other expenditure and are from the same city and function
(D%f C D). Thus, the threshold function is the opposite of
the average local density of all expenditures neighboring d
in the same time series (— (Ird (D%%/[v]))). For both the
value function and the threshold function, the opposite of the
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Table 2. Anomaly detection methods, along with the formal definitions of their value and threshold functions.

X Method md,,

‘ Value Function ‘

Threshold Function fl,(D,...)

foz(d)
Statistical
1| Z-Score (ZSC) | fui(d) =dp] fli(D, fym) = p (DF™[]) + 3 0 (DF™[0])
2 ‘ Interquartile Range (IQR) ‘ fua(d) = d[v] ‘ fl2(D, f,m) = g3 (D™ [v]) + 1.5 igr (D™ [v])
Seasonal Decomposition
3 Using Moving foz(d) = rd (d[v]) fls(D,c, f) = p (rd (D> [v])) + 3 o (rd (DS [0]))
Averages (SDMA)
4 ‘ totion (LSADY ‘ Fua(d) = dlo] \ (D, w,e, f) = g3 (D [o]) + 15 igr (D™ [v])
Learning
5 | Isolation Forests (ISF) | fvs(d) = cce (dfv]) | fls(D, ¢, f) = p (ce (DI [0]))
Long Short-T
6 Mormory (LSTM) fos(d) =ep(die]) | flo(D,e,f) = p(ep (DI [])) + 3o (ep (D [0]))
Local li
7 oo OB For(d) = ~lrd (d[v]) F1z(D,dye, ) = —p (ird (Db [u]))
Clustering
ft-DTW
8 k_Mi‘;fs (SDKM) fos(d) = d[v] fls(D,k, f,m) = p (D*F ™ [v]) + 3 0 (DFF7 [])
Probabilistic
Al ssive I d
9 M(‘)‘i‘l?;zggjgge ‘;jfﬁ;;;;) foo(d) =ep(d]) | flo(D,c,f) = p(ep (D=I[0])) + 30 (ep (D [v]))

values is used because, in our approach, for an expenditure to
be considered an anomaly, its value function must be greater
than the threshold function. In LOF, for the expenditure to
be considered an anomaly, its density must be lower than
that of its neighbors. Thus, to invert the inequality sign, it is
necessary to use the opposite values.

Soft-DTW k-Means (SDKM) [Cuturi et al., 2017]. Soft-
DTW k-Means is a clustering algorithm that combines the
Dynamic Time Warping (DTW) technique with the k-Means
algorithm. DTW is a technique used to compare time series
sequences. k-Means is a clustering algorithm that divides
a dataset into k groups based on the similarity between the
data. In the context of this methodology, a clustering round
is performed for each function. Thus, each series will be
grouped into a group (k). The anomaly calculation is done by
aggregating the values by group (k). So, the value function
(fvs(d)) is the expenditure value itself (d[v]), and there is a
threshold for each group of each function and each month, i.e.,
a threshold for each group - function - month trio (k, f, m).
Thus, the threshold function (fis(D, k, f,m)) is calculated
considering a subset of all expenditures of the same group,
function, and month (D* fm - D). Therefore, the threshold
function is the mean of the values of the elements in the
subset (1 (D*7™[v])) plus 3 times the standard deviation of
the values of the elements in the subset (o (D*-/™[v])).

Autoregressive Integrated Moving Average (ARIMA)
[Hyndman and Athanasopoulos, 2021, Chapter 8].
ARIMA is a statistical model that combines three components:
autoregressive, integrated, and moving average. ARIMA is
used to model the time series and predict future values, and
from there, detect anomalies. To detect anomalies, we need
to compare the actual value of the time series with the value

predicted by ARIMA. If the prediction error (ep) between
the two values is greater than a certain limit, we can con-
sider the observed value as an anomaly. Therefore, the value
function (fvy(d)) is the prediction error of the expenditure
value (ep(d[v])). And there is a threshold for each time series,
i.e., a threshold for each city - function pair (c, f). Thus, the
threshold function (flg(D, ¢, f)) is calculated considering
a subset of all expenditures of the same city and function
(D%f C D). Therefore, the threshold function is the mean
of the prediction errors of the values of the elements in the
subset (11 (ep (D“/[v]))) plus 3 times the standard deviation
of the prediction errors of the values of the elements in the
subset (o (ep (DY [v]))).

3.3 Ranking of Results

This section describes the ranking strategy adopted to ag-
gregate the results of each method, originally proposed by
Oliveira et al. [2023b] and adapted to the context of munici-
pal expenditures. For each expenditure, an alert indicator is
generated combining the individual results of each method.
This indicator, called I, is calculated for the expenditure d
as the sum of the anomalies detected by each method x. Here,
X represents the total number of anomaly detection methods
employed. In the methodology proposed in Section 3.2, we
use nine methods (X = 9). If new detection methods are
incorporated into the methodology, the value of X will be in-
creased accordingly, and this increment will be automatically
reflected in the computation of the indicator.

This summation is then multiplied by the base-10 loga-
rithm of the expenditure value. This value is included because
auditing higher-value expenditures is considered more of a
priority. Formally, this indicator is calculated by Equation 1.
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X (1, ifde A,
Id:loglo(d[”])'Z{o’ if de Ag; 0

otherwise
x=1

Where d[v] represents the value of the expenditure and
A, is the set of expenditures identified as anomalous by
method x. After calculating the alert indicator I for each ex-
penditure d, the expenditures are ranked in descending order
according to the value of I;. The resulting set, 15, contains
the expenditures ranked based on the alert indicator. Thus,
we have that D C D and D = {d |[Vd = I;> I(d+1)}-

3.4 Suitability Analysis of the Anomaly
Detection Methods

The suitability of anomaly detection techniques must be evalu-
ated in light of the specific characteristics of municipal public
expenditure time series. These series typically exhibit non-
negativity, pronounced seasonality driven by fiscal cycles,
structural breaks resulting from policy changes, heteroge-
neous variance across cities, and occasional abrupt spikes
associated with large public contracts. Given this structural
complexity, no single method is sufficient to capture all rel-
evant anomaly patterns. Statistical methods are effective at
identifying extreme deviations, probabilistic models capture
temporal dependencies, clustering approaches detect struc-
tural and shape-based discrepancies, and learning-based tech-
niques model nonlinear dynamics.

Some of the methods presented in Table 2 rely on fixed
thresholds (e.g., 1.5 x IQR and 30). Such thresholds fol-
low well-established practices in anomaly detection and are
supported by prior work in the context of public expenditure
analysis. In particular, the 1.5 x IQR criterion has been used
to detect potential overpricing in public procurement data
[Silva et al., 2024], while the 30 rule has been applied to
identify anomalous spending patterns [Gomide et al., 2023].
These thresholds provide conservative criteria for identifying
extreme deviations from typical behavior while preserving
interpretability.

For these reasons, the proposed framework adopts a
multi-method strategy that integrates the outputs of heteroge-
neous techniques into a unified alert indicator. This design
improves robustness by reducing dependence on the assump-
tions of any single method and enables anomaly prioritization
based on the consensus across different detection principles.

4 Experimental Analysis

To evaluate the proposed approach, an experiment was con-
ducted using a dataset of city expenditures from the State of
Minas Gerais, as detailed in Section 4.1. Next, in Section
4.3, the results of the proposed methods are characterized and
analyzed. In Section 4.4, the experimental analysis is comple-
mented by a qualitative examination of the characteristics of
the expenditure ranking process based on the alert indicators.
Finally, in Section 4.5, we present the weak-label validation
using external audit evidence.

The study Gomide et al. [2023] conducted an anomaly
detection experiment on city expenditures using the same
database, therefore it was used as a baseline to evaluate the
proposed approach. That study proposes two detection meth-
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ods, which work by grouping cities through heuristics. Once
grouped, a statistical calculation is performed to identify cities
with expenditures considerably higher than the average for
their respective population group. The first method (BL ¢;)
uses a heuristic that groups cities based on the population
range from the 2010 Census. However, for this experiment,
the ranges were updated according to the 2022 Census. The
second method (B L,) uses a heuristic that groups based on
the geographic location of the City.

41 Dataset

The data used in this article were extracted from the Comput-
erized System of Municipal Accounts (translation of Sistema
Informatizado de Contas dos Municipios - SICOM),* which
provides an open database maintained by the Court of Ac-
counts of the State of Minas Gerais (translation of Tribunal
de Contas do Estado de Minas Gerais - TCE-MG). ©

This database contains detailed fiscal transparency
records from 853 cities in Minas Gerais, including informa-
tion on tenders, contracts, invoices, expenditures, and rev-
enues. For this experiment, 1,045,189 records of municipal
expenditures from January 2018 to July 2024 were consid-
ered. The expenditures were grouped by budget function, as
defined by the Brazilian budget model, totaling 29 distinct
expenditure functions.

Since there is one time series for each city—expenditure
function pair, defined as S, ¢, the complete set of time series
corresponds to the Cartesian product of the sets C (cities)
and F' (expenditure functions). Therefore, the total number
of time series is |C| x |F'| = 853 x 29 = 24,737.

Given that the analysis covers 79 months, each time
series contains 79 elements, i.e., |SQ f\ =T79. Consequently,
each city has 29 time series, one for each expenditure function,
allowing for a detailed temporal analysis of public spending
patterns. Table 3 summarizes these statistics according to the
formalization presented in Section 3.1.

Table 3. Dataset summary statistics.

Set | Size

Public Expenditure | |D| = 1,045,189

Months |[M| =179 (01-2018 to 07-2024)
City |C| = 853

Function |F| =29

Time Series |S| = |C| x |F| = 24,737
Time Series Length | |S¢ ¢| =79

4.2 Hyperparameter Conﬁguration

All anomaly detection methods were implemented with fixed
hyperparameter configurations to ensure reproducibility and
comparability across municipalities and expenditure func-
tions. The selected values reflect a balance between method-
ological robustness and computational feasibility.

4SICOM: https://portalsicoml.tce.mg.gov.br/. Accessed on
18 May 2026.

5The raw SICOM data is publicly available at https: //dadosabert
os.tce.mg.gov.br/. Accessed on 18 May 2026.

The preprocessed dataset, including all constructed time series, is avail-
able at https://github.com/LucasLage/mg_city_expenditure_t
ime_series. Accessed on 18 May 2026.
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For density-based methods, the Local Outlier Factor
(LOF) was configured with 10 neighbors and a contamina-
tion rate of 2%, using the default Euclidean distance metric.
Similarly, the Isolation Forest model employed 20 trees with
a contamination rate of 2%, while all other parameters were
kept at their default values.

The Level Shift Anomaly Detection method was config-
ured to detect only positive structural changes, using a window
size of 5 observations and a sensitivity parameter ¢ = 1.5.

For the ARIMA-based approach, a fixed specification
(p,d,q) = (5,1,5) was adopted, corresponding to five au-
toregressive terms, first-order differencing, and five moving-
average terms.

The Soft-DTW k-Means clustering method used Soft-
DTW as the distance metric, with smoothing parameter
v = 0.01. The maximum number of clustering iterations
and barycenter updates was set to 50. The number of clusters
k was automatically selected within the interval [2,10] by
minimizing the marginal decrease in inertia, computed using
a standard K-Means model with 10 initializations and a fixed
random seed.

The LSTM autoencoder architecture consisted of two
encoding and two decoding layers, with 64 external LSTM
units and 32 internal bottleneck units. ReLU activation was
used in all recurrent layers. The model was trained using the
Adam optimizer and mean squared error (MSE) as the loss
function.

Finally, the Seasonal Decomposition method adopted
an additive model with a seasonal period of 12 observations.
A minimum of 24 observations (two seasonal cycles) was
required, and trend extrapolation was performed based on the
series frequency.

4.3 Quantitative Analysis

In this section, we present the quantitative results of the exper-
iment, highlighting the frequency and distribution of anoma-
lies identified in the expenditure time series. Figures illustrate
histograms representing the number of anomalies per time
series, per city and per function.

In the analysis per time series (Figure 2), the average
number of anomalies is 3.51. Given that each series contains
79 months of data, an average of 3.51 months with anomalies
corresponds to 4.44% of the series. Some series showed
significantly higher rates, with three cases where over 40%
of the values were identified as anomalous. These cases may
indicate data quality issues in the database, corroborating
results from previous studies that analyzed the same dataset
[Oliveira et al., 2023a].
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In the analysis per city (Figure 3), each city has 29 time
series of 79 records each, totaling 2,291 expenditures ana-
lyzed per city. The average number of anomalies detected per
city was 113.65, representing 4.96% of the analyzed expen-
ditures. The city with the highest number of anomalies had
174 records classified as anomalous, which equates to 7.60%
of its expenditures.
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Figure 3. Number of anomalies per city.

Finally, the analysis by function (Figure 4) reveals how
anomalies are distributed across different categories of public
expenditure. It shows a strong concentration of functions with
few anomalous records: 589 of them exhibit up to 185 oc-
currences, indicating predominantly regular behavior. As the
intervals increase, the frequency drops sharply, with only a
residual number of functions surpassing one thousand anoma-
lies and very few reaching levels above 3,500 cases. This
pattern highlights a highly asymmetric distribution, in which
a small number of functions concentrate a disproportionate
volume of alerts. As observed in the other levels of aggrega-
tion, these extreme cases may reflect not only greater intrinsic
variability in the series but also potential inconsistencies spe-
cific to certain expenditure categories, suggesting the need
for additional domain-oriented investigation.
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Figure 4. Number of anomalies per function.

In Table 4, the cells on the sides represent the total num-
ber of anomalies detected by each method, both from the pro-
posed approach (md,) and from the baseline (BL ¢, BL go).
The values in parentheses indicate the percentage of anoma-
lies relative to the total of 1,045,189 expenditures analyzed.
The other cells represent the intersection of the number of
anomalies detected between the methods of the proposed ap-
proach and those of the baseline.

The Z-score and IQR methods identified a much lower
number of anomalies compared to the other algorithms, which
can be attributed to their simplicity. In contrast, the other
methods presented quantities of anomalies in the same or-
der of magnitude, suggesting greater robustness in detecting
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Table 4. Number of anomalies detected per method, including baselines.

Method ZSC IQR SDMA LSDA ISF LSTM LOF SDKM ARIMA ‘ Total
BL 60 232 3,250 1,726 3,872 3,819 2,895 4,675 3,633 19,258
fz ’ ’ ’ ’ ’ ’ ’ (1.842%)
28,143
BLgeo 74 298 1,246 1,315 1,764 1,690 1,412 2,012 1572 | (5 69200)
Total 174 1,858 16,113 35,064 26,374 24,583 24,839 20,595 23,353
(0.017%)  (0.178%)  (1.542%)  (3.355%) (2.523%) (2.352%) (2.377%) (1.970%) (2.234%)
atypical patterns. 4.5 Weak-Label Validation using External

In total, 87,779 expenditures were classified as anoma-
lous, i.e., 8.40% of the dataset. Of this total, 44,844 expendi-
tures (4.29%) were considered anomalous by at least one of
the baseline methods. Furthermore, 9,425 expenditures were
detected simultaneously by the proposed approach and the
baseline, indicating that 21.01% of the anomalies identified
by the baseline were also captured by the proposed approach.

4.4 Qualitative Analysis

The qualitative results of this experiment focus on prioritiz-
ing the most critical anomalous expenditures, using the alert
indicator (/) defined in Equation 1. Table 5 presents, for il-
lustrative purposes, the most critical anomalous expenditures
in a ranking of size 10, according to the indicator ;.

As mentioned in Section 4.3, the intersection between
the anomalies identified by the proposed approach and those
detected by the baseline methods is only 21.01%. However,
this overlap increases significantly when analyzing the most
critical anomalies at the top of the ranking.

Figure 5 illustrates the intersection rate between the meth-
ods as the ranking size increases. For a ranking size up to 5,
the intersection reaches 100%, meaning all ranked Expendi-
tures were also detected by the baseline. As the ranking size
increases, this intersection gradually decreases, reaching 73%
at a ranking size of 100 and 70.6% at 150, indicating that the
values converge toward approximately 70%.
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Figure 5. Percentage of intersection between the baseline and the proposed
approach for different ranking sizes.

Overall, these results indicate that the proposed approach,
coupled with the ranking mechanism, is effective in priori-
tizing the most relevant cases. This enables a more efficient
targeting of audit efforts, allowing resources to be allocated to
the expenditures with the highest potential for irregularities,
in line with previous studies on anomaly detection in public
spending.

Audit Evidence

To partially address the lack of ground-truth labels in public
expenditure anomaly detection, we conducted an additional
validation step based on external evidence from audit-related
investigations.

We collected news reports published on the official portal
of the Minas Gerais Public Prosecutor’s Office (MPMG) that
describe investigations involving irregularities in municipal
procurement processes. From these reports, we manually
identified cases in which the news explicitly referenced the
procurement process. This information allowed us to link
the investigated procurement processes to the corresponding
expenditure records in our dataset. Table 6 presents the eight
procurement processes with reported irregularities, including
the corresponding city, government function, subfunction,
and a link to the news report.

After identifying these procurement processes, we re-
trieved the related payments and located them within the
corresponding municipal expenditure time series. A single
procurement process may involve multiple government sec-
tors; therefore, it can generate expenditures associated with
different functions. In addition, procurement processes typi-
cally involve multiple payments over time, meaning that their
total value may appear in expenditures recorded across several
months.

In total, the eight investigated procurement processes
correspond to 81 payments. Since each expenditure record in
our dataset aggregates multiple payments and other expenses,
each payment is included within a single expenditure entry.
Consequently, 81 expenditure records are associated with
procurement processes that were previously investigated for
irregularities.

For example, in Table 6, the procurement process #6
generated expenditures associated with three different govern-
ment functions and payments distributed across eight months
(from May to December 2023). Consequently, this single pro-
curement process is associated with 3 x 8 = 24 expenditure
records in the dataset.

Among the eight procurement processes, five (62.5%)
had at least one related expenditure flagged as an anomaly
by the proposed framework. Considering the individual pay-
ments, 11 out of the 81 expenditures (13.5%) were identi-
fied as anomalies. It is important to note that the fraudulent
value associated with a procurement process may be diluted
across multiple functions and months, since procurement con-
tracts are often executed through several payments over time.
Furthermore, the analyzed time series represent aggregated
monthly expenditures, which makes the detection of such
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Table 5. Top 10 anomalous expenditures according to the alert indicator (1).

# City Function Date  Expenditure Value 14
1 Belo Horizonte Transport 07/2023 248,194,900 58.76
2 Montes Claros Administration 08/2018 20,938,310 51.24
3 Extrema Administration 03/2022 16,196,690  50.46
4 TItabirito Sports and Leisure 08/2023 15,266,440  50.28
5  Congonhas Housing 03/2023 11,324,470  49.38
6  Pocos de Caldas  Special Charges 12/2018 8,273,214  48.42
7  Itabirito Commerce and Services  02/2022 7,127,600  47.97
8  Cambui Administration 03/2023 5,880,813  47.38
9  Extrema Judiciary 06/2019 5,665,788  47.27
10 Arapora Administration 09/2020 5,392,563  47.12

Table 6. Procurement processes with investigated irregularities, including city, function, subfunction, and reference.

Procurement Process City Function Subfunction Payments  Reference

#1 Delta Administration  General Administration 01,07, 12/2023  MPMG [2024f]

#2 Tjaci Judiciary Judicial Action 01-12/2018  MPMG [2024c]

# Ipatinga Admim:stration Ge.neral Admini.stration 06-12/2022 MPMG [2024d]
Education Primary Education 06-12/2022

#4 Padre Paraiso  Education Primary Education 04-12/2022  MPMG [2024b]

#5 Poté Transport Road Transportation 05-12/2018  MPMG [2024a]
Education General Administration 05-12/2023  MPMG [2024¢]

#6 Pouso Alegre ~ Administration ~ Urban Infrastructure 05-12/2023  MPMG [2024¢]
Health Hospital and Outpatient Care 05-12/2023  MPMG [2024e]

#7 Serranos Health Prophylactic and Therapeutic Support 02/2021  MPMG [2024¢g]

#8 Serranos Health Prophylactic and Therapeutic Support 03-12/2021  MPMG [2024¢g]

cases more challenging. Despite these limitations, these in-
vestigated procurement processes provide a weak signal that
can be used for partial validation of the anomaly detection
framework.

Regarding the ranking results, the highest-ranked ex-
penditure associated with a fraudulent procurement process
appears at position 540 in the global ranking, corresponding
to a position above the 98th percentile. In contrast, the lowest-
ranked such expenditure appears at position 67,659, which
still lies above the 86th percentile.

However, given the limited number of labeled procure-
ment processes and the inherently weak nature of this supervi-
sion signal, we also performed an evaluation using a restricted
ranking. In this setting, only expenditures belonging to the
same time series as the investigated procurement process are
considered, i.e., those corresponding to the same city and
government function. As a result, each ranking contains 79
expenditures, corresponding to the length of each time series,
as reported in Table 3.

Table 7 reports the position of the highest-ranked expen-
diture associated with each fraudulent procurement process.
These results are substantially higher than those obtained in
the global ranking, with some expenditures appearing among
the top positions. Based on the position of the highest-ranked
relevant expenditure for each procurement process, it is possi-
ble to compute the Mean Reciprocal Rank (MRR), defined as
the average of the inverse position of the first relevant item.
In this restricted evaluation, the MRR reaches 0.497.

Although this procedure does not yield a fully labeled
dataset, it provides a form of weak supervision that enables
partial grounding of the detected alerts. Specifically, it al-
lows evaluating whether expenditures linked to procurement
processes subsequently investigated by authorities are ranked

among the most prominent anomalies identified by the pro-
posed method.

This external validation step provides additional evi-
dence about the practical relevance of the detected anomalies
and partially addresses the evaluation challenges commonly
found in anomaly detection scenarios where confirmed fraud
labels are scarce.

5 Analysis at the Subfunction Level

The initial experiment demonstrated the efficacy of our ap-
proach for anomaly detection at the function level, a broad
categorization of public expenditure. To investigate whether a
more granular analysis could yield deeper or more precise in-
sights, we conducted an extended experiment by applying the
same methodology at the subfunction level. In the Brazilian
budget model, each expenditure function is subdivided into
more specific subfunctions, providing a finer-grained view of
governmental activities. Table 1 contains examples of eight
expenditure functions and their three most frequent subfunc-
tions. This hierarchical structure allows for a more detailed
examination of spending patterns, potentially uncovering ir-
regularities that might be averaged out or hidden within the
broader function-level aggregates. This section details this ex-
tended analysis, exploring the implications of increased data
granularity on the anomaly detection process and its results.

5.1 Methodology Extension

In the additional experiment conducted for this extended ver-
sion of the paper, the methodology was expanded to analyze
public expenditures not only at the function level but also at
the finer-grained subfunction level.

To integrate this new dimension into our formaliza-
tion, while preserving the structure and operations de-
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Table 7. Position and anomaly count of the highest-ranked expenditure associated with each fraudulent procurement process in the restricted

ranking, along with the MRR in this restricted evaluation.

Procurement Process  City Function Anomalies  Position
#1 Delta Administration 1 4
#2 Tjaci Judiciary 1 4
4 Ipatinga Administration 5 1
Education 3 1

#4 Padre Paraiso  Education 1 3
#5 Poté Transport 0 46
Education 1 2

#6 Pouso Alegre  Administration 4 1
Health 5 1

#7 Serranos Health 0 17
#8 Serranos Health 0 17
Mean Reciprocal Rank (MRR) 0.497

fined previously, we adopted a representation strategy in
which each subfunction is bound to its corresponding func-
tion. Formally, for each function F' = {f | f € Function},
we define a corresponding set of subfunctions : F’ =
{f"| f' = Function_Subfunction}

Rather than introducing an additional base set and mod-
ifying all operators, we construct a composite functional
classification, denoted function-subfunction, which uniquely
identifies each (function, subfunction) pair. Formally, we de-
fine a new attribute: d[f'] = f_ || _f’, where the symbol
“||”denotes string concatenation. This composite label re-
places the former function attribute in the modeling pipeline.

For example, considering the expenditure functions and
their three most common subfunctions presented in Table
1, if an expenditure record d has d[f] = "Education", then
d[f'] may take values such as "Education_||_Administration
of Elementary Education". Or, for d[f| = "Health", d[f'] =
"Health_||_Primary Health Care Services".

With this transformation, the entire methodological
framework (sets, mappings, time-series construction, and
anomaly detection procedures) remains unchanged. Each
public expenditure is now associated with a combined func-
tion—subfunction classification, and the time series previ-
ously defined as S ¢ is naturally extended to S,y =
ord, {d € D | d[c] = cAd[f'] = f'}), following the same
ordering by month.

This design choice ensures methodological consistency
across both experiments. It also enables deeper analysis of
spending behavior while avoiding additional complexity in the
formalism. As a result, the proposed framework seamlessly
supports analyses at different levels of granularity within the
functional classification of public expenditures.

5.2 Extended Experiment
The dataset used in this extended analysis is the same as de-
scribed in Section 4.1. A key characteristic of this dataset
is that it natively contains the subfunction classification for
each expenditure record, alongside the broader function clas-
sification. This existing data structure allowed for a direct
application of our methodology at this more granular level
without requiring additional data processing or enrichment.
To ensure a consistent and fair comparison, the two base-
line methods (BL . and BL.,) described in Section 4 were

also re-executed using the subfunction-level data. This means
that the grouping heuristics for both baselines were applied
to the set of expenditures disaggregated by subfunction. This
allows for a direct evaluation of how the proposed anomaly
detection methods perform against established baselines when
operating at a finer level of budgetary detail.

5.3 Extended Quantitative Analysis

The distribution of anomalies per time series (Figure 6) shows
a strong concentration in the initial intervals, with most series
presenting up to four anomalous records. The frequency de-
creases steadily across subsequent bins and becomes minimal
beyond approximately 13 occurrences. With a mean of 4.87
anomalies per series, the overall behavior remains relatively
stable, while a small number of higher-count cases may reflect
specific irregular temporal patterns that deserve additional
investigation.
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Figure 6. Number of anomalies per time series.

The analysis of anomalies per city (Figure 7) indicates
that most cities fall within intermediate ranges, particularly
between roughly 180 and 245 anomalous records, where the
highest frequencies are observed. As the number of anomalies
increases, the frequencies decline, and only a few cities ex-
ceed 400 occurrences. The mean of 228.94 anomalies per city
suggests a moderately dispersed distribution, with some out-
liers potentially associated with particular reporting practices
or localized data-quality issues.

The distribution of anomalies per function (Figure 8)
is relatively sparse, with only a few functions concentrated
in the lower and mid-range intervals. Most bins contain few
or no occurrences, indicating that only a limited set of func-
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Figure 7. Number of anomalies per city.

tions accumulates larger numbers of anomalies. Although the
mean reaches 6,974.5 anomalies, this value is influenced by
a small group of functions with substantially higher counts.
This asymmetry suggests that deviations are not evenly dis-
tributed across expenditure categories and may be linked to
structural characteristics of specific functions or to isolated
data inconsistencies.
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Figure 8. Number of anomalies per function.

The distribution of anomalies per subfunction (Figure
9) is similarly concentrated at the lower end, with 58 sub-
functions presenting fewer than 930 anomalous records. Fre-
quencies decline across the remaining bins, and most upper
intervals contain no occurrences. Only a few subfunctions
appear beyond 8,000 anomalies, reinforcing the asymmet-
ric pattern observed at the function level. With a mean of
1,808.20 anomalies, mostly driven by these higher-count cases,
the results indicate that anomalous behavior is concentrated
in a subset of subfunctions, whereas the majority maintain
comparatively regular dynamics.
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Figure 9. Number of anomalies per subfunction.

The extension of the methodology to the subfunction
level allowed for a more granular analysis of public expen-
ditures. This finer granularity, however, resulted in a larger
number of time series with fewer data points each, which influ-
enced the anomaly detection performance of several methods.
In total, 2,439,369 records were analyzed at the subfunction
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level, representing a substantial increase compared to the
1,045,189 records at the function level. This broader scope
naturally led to a higher absolute number of detected anoma-
lies across most methods.

Comparing the results between the function level (Ta-
ble 4) and the subfunction level (Table 8) reveals notable
shifts in anomaly detection behavior. Simple statistical meth-
ods (ZSC, IQR) continued to identify the fewest anomalies,
both in absolute and percentage terms, consistent with their
limited sensitivity to non-normal distributions and smaller
groupings. In contrast, time series—based methods such as
SDMA, LSDA, LSTM, and ARIMA maintained strong perfor-
mance, sustaining high anomaly counts even under increased
data fragmentation. Methods like ISF and LOF also remained
stable. A marked reduction was observed for SDKM, which
was particularly affected by the smaller sample sizes per sub-
function, limiting the clustering model’s ability to capture
consistent patterns.

Despite the overall increase in the detected anomalies,
driven primarily by the larger volume of data at the subfunc-
tion level, the intersection with the baselines decreased. This
reduction suggests that the additional alerts generated at this
finer granularity tend to diverge more from the baseline expec-
tations, reflecting either greater heterogeneity across subfunc-
tions or heightened sensitivity of the methods to localized
variations that the baselines do not capture.

5.4 Extended Qualitative Analysis

Table 9 presents the top anomalous expenditures according to
the alert /5. The ranked cases reflect a combination of high
expenditure values, temporal deviations, and consistent iden-
tification across multiple detection methods. As observed
in the function-level experiment, the top positions contain
records of substantial monetary value, such as the Transport
expenditure of Belo Horizonte (07/2023) and the Adminis-
tration expenditure of the same city (09/2018). These cases
are typically characterized by simultaneously high values and
strong deviations relative to their respective subfunctions,
which explains their prominence in the ranking.

A notable aspect of the extended experiment is the in-
tersection between the Top 10 rankings of the function-level
(Table 5) and subfunction-level analyses (Table 9). Three
records appear in both tables: (i) Belo Horizonte — Transport
—07/2023, (ii) Itabirito — Commerce and Services — 02/2022,
and (iii) Arapord — Administration — 09/2020.

The recurrence of these expenditures across both anal-
yses suggests that their anomalous nature is not dependent
on the level of aggregation. In other words, these records
stand out both in the broader function context and within
their respective subfunctions, reinforcing their relevance as
potential priority cases for auditing. Their persistence across
different granularities also indicates that the deviations cannot
be attributed merely to imbalanced or overly aggregated cate-
gories; instead, they likely reflect substantive irregularities or
atypical behavior in the underlying expenditure process.

The behavior observed in Figure 10 contrasts with the
results obtained at the function level in Figure 5. Whereas
the previous experiment showed a declining intersection as
the ranking size increased, indicating strong agreement with
the baseline only among the highest-ranked anomalies, the
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Table 8. Number of anomalies detected per method, including baselines.

Method ZSC IQR SDMA LSDA ISF LSTM LOF SDKM ARIMA ‘ Total
44,025
BLy, 24 85 616 247 846 762 468 362 834 (1.805%)
28,944
BLgeo 13 52 131 71 148 147 86 40 150 (1.187%)
Total 519 4,867 40,939 79,355 73,187 58,302 64,033 15,235 60,221
(0.021%)  (0.200%)  (1.678%)  (3.253%)  (3.000%)  (2.390%)  (2.625%) (0.625%) (2.469%)
Table 9. Top anomalous expenditures according to the alert indicator (/).
# City Function Subfunction Date Expenditure Value 14
1 Belo Horizonte Transport Urban Services 07/2023 248,190,200  50.37
2 Ttabirito Commerce and Services  Trade Promotion 02/2022 7,127,600 47.97
3 Nova Lima Labor Worker Protection and Benefits  03/2020 5,152,971 46.98
4 Sao Gongalo do Rio Abaixo  Essential to Justice Legal Representation 12/2020 4,691,108  46.70
5  Arapora Administration Financial Administration 09/2020 4,462,142  46.55
6  Manhuacu Administration Financial Administration 01/2018 601,845 46.24
7  Séo Jodo do Paraiso Administration Financial Administration 01/2018 599,842  46.22
8  Belo Horizonte Administration General Administration 09/2018 50,303,220  46.21
9  Mariana Social Security General Administration 03/2019 3,816,365  46.07
10 Contagem Essential to Justice Legal Representation 10/2022 27,420,690  44.63
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Figure 10. Percentage of intersection between the baseline and the proposed
approach for different ranking sizes.

subfunction-level curve exhibits the opposite pattern. At
smaller ranking sizes, the overlap with the baseline is compar-
atively low, reflecting greater divergence in the top anomalies
detected by the proposed method. However, as the ranking
expands, the intersection percentage rises steadily and even-
tually stabilizes around 68%—69%. This increase suggests
that highly ranked anomalies at the subfunction level tend to
be more method-specific, while lower-ranked alerts exhibit
broader consensus with the baseline.

This trend can be attributed to the finer granularity of the
subfunction analysis, which generates a substantially larger
number of shorter and more heterogeneous time series. Such
fragmentation heightens the sensitivity of the detection meth-
ods, resulting in top-ranked anomalies that capture localized
or context-specific deviations not always shared with the base-
line. As the ranking grows, however, the inclusion of less
extreme anomalies incorporates patterns that are more sta-
ble and aligned with general expenditure behavior, thereby
increasing the overlap. The resulting convergence highlights
that, despite methodological differences, both approaches re-
tain a meaningful degree of agreement when a broader portion
of the anomaly spectrum is considered.

5.5 Extended Weak-Label Validation using
External Audit Evidence

To further assess the effectiveness of the proposed framework,
we conduct an additional weak-label validation using the same
external audit evidence described in Subsection 4.5. This ex-
tended analysis follows the same validation protocol applied
to the original ranking, but considers an alternative configu-
ration that incorporates the function—subfunction representa-
tion. The evaluation is based on the same eight procurement
processes and their corresponding 81 payments presented in
Table 6. As previously discussed, these payments map to
81 expenditure records in our dataset, since each payment is
associated with a single aggregated expenditure entry.

Among the eight investigated procurement processes,
five (62.5%) have at least one related expenditure flagged as
anomalous by the proposed framework. At the individual
level, 10 out of the 81 corresponding expenditure records
(12.3%) are detected as anomalies.

Regarding the ranking results, the highest-ranked expen-
diture associated with a fraudulent procurement process and
flagged as an outlier appears at position 67,659 in the global
ranking, corresponding to the top 2%. Conversely, the lowest-
ranked such expenditure appears at position 128,827, which
still lies within the top 14% of the ranking.

A more fine-grained analysis is obtained by restricting
the ranking to expenditures sharing the same city, government
function, and subfunction as the investigated procurement pro-
cess. Under this setting, the positions of relevant expenditures
improve substantially. Table 10 summarizes the rank of the
top occurrence associated with each fraudulent procurement
process, with several cases among the highest-ranked entries.
This localized evaluation is particularly appropriate given
the scarcity of labeled procurement processes and the inher-
ently weak supervision signal. Based on these positions, we
compute the Mean Reciprocal Rank (MRR), defined as the
average inverse rank of the first relevant item, which is 0.546.

Overall, this extended validation using the function-
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subfunction ranking provides additional empirical support for
the practical relevance of the detected anomalies. As in the
previous evaluation, leveraging external audit evidence helps
mitigate the challenge of limited ground-truth labels in fraud
detection and public expenditure anomaly analysis.

6 Case Study: City of Arapora -
Administration Function

To illustrate the behavior of the proposed anomaly detection
framework in a real-world setting, we analyze the expenditure
time series of the city of Arapora for the Administration gov-
ernment function and its corresponding subfunctions. These
series were selected because they appear among the top 10
anomalous expenditures in both experimental settings, as re-
ported in Tables 5 and 9.

Figure 11 shows the monthly expenditures along with
the number of anomaly detection methods that flagged each
observation as anomalous. The blue line represents the time
series for the Administration function, while the remaining
lines correspond to its subfunctions. Table 11 details the
specific methods that identified anomalies in the months with
the highest number of detected outliers.

6.1 Function-level Analysis

Overall, the main Administration time series exhibits rela-
tively stable expenditure levels with moderate fluctuations
over time. However, a prominent spike is observed around the
middle of the series, where total expenditure in the Administra-
tion function increases sharply compared to the surrounding
months. This peak is simultaneously identified by multiple
anomaly detection methods. In particular, the highest point in
the series is flagged by up to six detectors, indicating strong
consensus among the detection techniques that this observa-
tion represents an atypical spending pattern.

Beyond detecting anomalous observations, it is essential
to understand their underlying characteristics and the reasons
why different methods identify them as anomalous. This in-
terpretation is particularly important for auditors, as distinct
anomaly patterns may reflect different operational or admin-
istrative circumstances.

The most prominent anomalies in the Arapord Admin-
istration series occur in September and October 2020. Both
months correspond to sharp spikes in expenditures relative to
the historical pattern. In September 2020, seven methods iden-
tified the observation as anomalous, including forecasting-
based models such as ARIMA and LSTM, density-based
methods such as Isolation Forest and Local Outlier Factor,
clustering-based detection using Soft-DTW k-means, and
decomposition-based detection using Seasonal Decomposi-
tion with Moving Averages. In addition, the Level Shift detec-
tor also flagged this observation, indicating that the magnitude
of the increase is large enough to potentially alter the base-
line level of the series. This consensus across heterogeneous
methods strongly suggests that the spike represents an abrupt
and atypical expenditure event.

In October 2020, a second anomaly is detected by six
methods, although the Level Shift method no longer signals a
structural change. This suggests that the anomaly corresponds
to a continuation of unusually high spending rather than a
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new structural shift in the time series. Forecasting-based mod-
els again present large prediction errors, while density-based
methods identify the observation as distant from the historical
distribution of expenditures. In practical terms, this pattern
may indicate that the spending surge observed in the previ-
ous month extended over multiple payment installments, a
situation that auditors may verify by examining procurement
contracts or payment schedules associated with the Adminis-
tration function.

6.2 Subfunction-level Analysis

The subfunction-level analysis helps explain the origin of
these anomalies. Both spikes are primarily driven by the
Financial Administration subfunction, which presents anoma-
lies in the same months and is detected by nearly all methods.
This indicates that the unusual behavior observed in the ag-
gregated Administration function is largely attributable to
expenditures associated with financial management activities.
For auditors, this could suggest that relevant evidence may
be found in accounting, treasury management, or financial
administration contracts executed during this period.

Additional anomalies appear when analyzing individual
subfunctions. For example, the General Administration sub-
function presents an anomaly in December 2022, detected
by forecasting and density-based methods. In this case, the
anomaly corresponds to a moderate spike that deviates from
the expected seasonal pattern but does not affect the overall
Administration function strongly enough to generate an alert
at the aggregated level.

Finally, an anomaly is detected in the Information Tech-
nology subfunction in May 2019. The methods that identify
this observation include forecasting models (ARIMA and
LSTM), density-based methods (Isolation Forest and Local
Outlier Factor), and seasonal decomposition techniques. This
combination of methods suggests a short-term deviation from
the expected seasonal behavior of IT-related expenditures.

6.3 Alert Fatigue

The case study also illustrates an important practical aspect
of the proposed extension to the subfunction level. While
subfunction-based analysis increases the granularity of the
monitoring process, it also leads to a larger number of anomaly
signals. In Figure 11, several alerts appear at the subfunction
level even when the aggregated Administration function does
not exhibit a strong anomaly. This situation may potentially
lead to alert fatigue if auditors are required to inspect all
flagged observations individually.

To mitigate this issue, the ranking mechanism supports
prioritization strategies based on consensus among methods
and the hierarchical relationship between functions and sub-
functions. In practice, auditors can first focus on months in
which the aggregated function itself is flagged as anomalous
or in which multiple subfunctions simultaneously present
anomalies. Such situations indicate coordinated deviations
across different expenditure categories and therefore repre-
sent stronger signals of unusual behavior. Conversely, isolated
anomalies restricted to a single subfunction and detected by
only one method can be assigned lower priority and investi-
gated only when additional contextual information suggests
potential irregularities.
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Table 10. Position and anomaly count of the highest-ranked expenditure associated with each fraudulent procurement process in the restricted
ranking incorporating the function—subfunction representation, along with the MRR in this restricted evaluation.

Procurement Process  City Function Subfunction Anomalies  Position
#1 Delta Administration ~ General Administration 1 5
#2 Tjaci Judiciary Judicial Action 1 4
. Administration ~ General Administration 4 1

#3 Ipatinga . ] .
Education Primary Education 4 1
#4 Padre Paraiso ~ Education Primary Education 1 3
#5 Poté Transport Road Transportation 0 15
Education General Administration 2 1
#6 Pouso Alegre ~ Administration ~ Urban Infrastructure 3 1
Health Hospital and Outpatient Care 5 1
#7 Serranos Health Prophylactic and Therapeutic Support 0 13
#8 Serranos Health Prophylactic and Therapeutic Support 0 13
Mean Reciprocal Rank (MRR) 0.546
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Figure 11. Expenditure time series of the city of Arapora for the Administration function.

In the Arapora case, the most prominent anomaly corre-
sponds to a substantial expenditure spike, in which both the
Administration function and the Financial Administration sub-
function are flagged by multiple detection methods. Events
of this nature naturally rank among the highest-priority cases,
whereas smaller deviations restricted to individual subfunc-
tions can be treated as secondary alerts. By leveraging both
hierarchical aggregation and consensus across methods, the
framework mitigates alert overload and directs audit efforts
toward the most relevant expenditure patterns.

7 Conclusion

This work proposes an approach for detecting anomalies in
cities’ expenditure time series and a method for ranking the
most critical cases. The proposed framework aims to identify
and prioritize unusual spending patterns, which should be in-
terpreted as potential alerts requiring further investigation by
auditors or domain experts. To do so, the approach combines
several time series anomaly detection techniques, including
statistical, machine learning, and probabilistic methods.

To validate the effectiveness of the approach, we con-
ducted an experiment with an extensive dataset of municipal
public expenditures from Minas Gerais. The results demon-
strate that the approach is capable of identifying cases with
high potential for irregularities, especially when combined
with the ranking method. These results suggest that the ap-
proach can be a valuable tool for auditors, providing an initial
screening analysis in the face of the large volume of avail-
able data. Furthermore, the proposed approach highlights
the importance of an integrated and multifaceted approach
to data analysis in auditing, enabling an automated survey of
potential irregularities in city expenditures.

The extended experimental analysis conducted at the sub-
function level further validated the robustness and scalability
of our methodology. While the finer granularity introduced
greater data fragmentation and altered the detection dynam-
ics of some methods, the core approach remained effective.
The persistence of key anomalies across both function and
subfunction levels, such as the high-value expenditures in
Belo Horizonte and Itabirito, underscores that the most criti-
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Table 11. Anomaly detection methods responsible for the months with the highest number of flagged outliers in the expenditure time series

of Arapora (Administration function and subfunctions).

Subfunction Date Anomalies  Methods

- 09/2020 7 ARIMA, ISF, LOF, LSAD, LSTM, SDMA, SDKM
Financial Administration  09/2020 7 ARIMA, ISF, LOF, LSAD, LSTM, SDMA, SDKM
- 10/2020 6 ARIMA, ISF, LOF, LSTM, SDMA, SDKM
Financial Administration 10/2020 5 ISF, LOF, LSTM, SDMA, SDKM

General Administration 12/2022 4 ARIMA, ISF, LOF, LSTM

Information Technology 05/2019 5 ARIMA, ISF, LOF, LSTM, SDMA

cal irregularities are identified consistently regardless of the
analysis granularity. This reinforces the reliability of the pro-
posed ranking mechanism for prioritizing audit targets. The
differing intersection patterns with the baseline methods be-
tween the two experiments highlight the nuanced behavior of
anomaly detection at varying levels of detail, yet the overall
high agreement for larger ranking sizes confirms the method’s
stability.

74 Limitations

The main limitation of this work is the absence of labeled
data indicating confirmed irregularities or auditing outcomes.
As a result, the evaluation of the anomaly detection meth-
ods relies primarily on statistical and methodological criteria,
rather than on supervised validation against known ground-
truth cases. While the proposed framework is effective in
identifying unusual spending patterns, the detected anoma-
lies should be interpreted as potential alerts requiring further
investigation by auditors or domain experts.

Moreover, the applicability of the methodology depends
on the availability and comparability of public expenditure
data. In particular, the approach requires time series of city (or
subnational) expenditures that can be consistently aggregated
into comparable categories across jurisdictions and over time.
This structure enables meaningful comparisons of spending
patterns and the identification of anomalous behavior. How-
ever, in some countries, the adoption of such methods may
be restricted by weak transparency policies, limited access to
fiscal data, or inconsistencies in budget systems across cities.

7.2 Future Work

As future work, we plan to conduct evaluations with expert
auditors to assess the relevance of the ranked alerts produced
by the proposed framework. In this step, domain specialists
will analyze selected alerts and provide feedback on their
practical significance in real auditing scenarios. This feedback
can be incorporated to refine the methodology, for instance by
adjusting detection thresholds, improving the ranking strategy,
and prioritizing anomalies that are more likely to correspond
to meaningful fiscal irregularities.

Another important direction is the exploration of
anomaly detection techniques tailored to multidimensional
time series. In addition, we intend to perform a more compre-
hensive sensitivity and robustness analysis of the proposed
framework, examining how the results vary under different
detection thresholds and alternative ranking formulations,
including variations in the weighting scheme based on the
logarithm of expenditure values.
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